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III • J'8PU en'i tle4 ft.Arl.-etic in a One' Jt-CoJlpl .. , eo.pu'er· 

P. :as.U1DC81S1 Ii" •• 0" sutfSAd-t coDClltlolla in order that • Ou'e

ooapleaent computer produce the correct- quotient aDd correct non-

Degatlve remainder. We ahall prove \bat if hie coDClltlone are al1&bt11 

.u.rpened they are nece • .ary and. sufflclen'. 4\110 ve ehall pro"8 a 

conjecture of CaJapa1snc and Gingerich on a noceaaar1 aDd aufftol.' 

ooDdltloD for corr_t dlviaton.. 

• Se~ condition D. paragraph 4 below. 

2. TBI Jl,GQRIS 

U.lng the notation of Billingaley tbo al~Dtba for division 

fou.ov.: 

Ipitial content! 

Q,R is cleared 

Xi contains divisor X 

AD contains dividend A 

Algorithm 

1. Case I: It a47 = O. ~ to step 2. 

Caso II: If B47 = 1. absolute aubtract xa into AC. 

2. Shift J.C 24 places. (All shitt. are from rlF' to left.: 

3. Do 24 times: . 

a. Shift A~ one place. 
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b. If 824 = ~,subtract D into A£, and in.art 

1 in ClQ. 

If 0.24 1- 123 t add XR in to AC. 

t . 
c. Shift QR ono plnce. 

Intermodiate contopts 

Q,R contains q = q23 q22 ••• CIa 

XR contnins divisor X 

AC contains preliminary remaindor r • .. 
4. Do one of the following: 

0.. If 8z4- I, 1f Caso I: Absolute add XIi into 

1£ , replace ~ by <l23. 

b. If a24 = l, if Coso II: Absolute ndd. XR into AC. 

c. If &24 = 0, if Case 1: No action. 

d. If a24 = 0, if Ca.se II: Replace Q() by ~ 

Final contents 
• 

q,R contains quotient ~ 

XR contnins divisor X 

AC contains remainder R 

~ Observe that in 24 ropitions of stop 3b of tho algor¢hm w~ suc-

ccssivolyand in this ordor detomine Qa, <123' <l22' •••• ql· \'10 

can therefore immodiately stato 

~l 

If A and X arc of sDJllC sign CIo = 1 and if .A o.nd X arc 

of opposite sign Qo = o. .J/II 
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An o.xamination of stop 4 reveals that CI23 1. DOt modifiod. 

~oroforc wo cnn immodiato17 stato 

• q and. Q, a.ro of SlUDO sign. 

In division by hand it is not customar7 to shift tho dividond 

and successive re~indor8 as is done in steps 3 of tho machino nl80-

rithm. Instead successively docrecsing povero of two timos tho divisor 

are added to or subtr~ctod from successive rqma1ndors. Howover, this 

distinctIon is only concoptual nnd we anal1 throughout this papor troat 

the machine a1gor1~ as though it takes place 1n the latter manner • 
. 

As an oxa.mple consider an eight digit AC end four dig1 t qa 

and IR. 7hen with x = 0101, A = 00100001 the machine al~rithm 

produces 

AC 00100001 0000 XR Q.IOl 
• AlA 00010010 

.ALl OOlQ0100 0001 
- X OOOOOlQ~ 

00011111 0010 

ALl 00111110 0010 
.. X -11111010 

01000011 0100 / 

ALI 100Q.OI10 0101 
- X 00000101 

10000001 1010 

ALI O00Q0011 1011 
- .It. 00000101 

11111101 0111 

Jill 
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q = 0111 ~ = 0110 

r = 11111101 R = 00000011 

~o undorlinod digits are tho ones comparod with Xa to 

determino Qo t Q.a t CIG and ql. 

D1 viding by tho second method ,.,0 hnvo 

1011 
Q.101 rQ,Ol00001 

-0101 
11.111000 
.... 0101 

- POQ01101 
- 0101 

000Q.OOl1 
- 0101 

11111101 

q = 0111 

r = 11111101 

~ = 0110 

R = 00000011 

'!he underlined digi ts nrc nguin thoso which are cocporod and 

the re~oetivo successive rc~nindor8 in tho two divisions nro slidos 

of oach other. 

4. CORRECT DIVISIOH 

Wo shall now stato 0ur definition of corroct rnachino division 

as follows: 

IThw divj~ion algorithn 1s "correct" if 

(i).A = Q,:( .. ~ 

( 1 i ) t q, \ ~ 223 - 1 

( i1 i ) O~. R ~ 'X I 
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LEl-11.fA. 3 

Division i8 not corroct if Qo = Q.a3. 

If Clo = Qa3' then by LocIJaIi 1 and 2 q, 18 necn ~ 1... lf A aZId 

X aro of opposito slgn. But thls contradicts (1) .-4 (111) of 

tho definition unless A = 0 or ~ = O. Eut Bll11DCIlul ~ 
Qo 1 ~ lf A = O. It only roca1ns to consider ~ = 0, 10., 

A = R ~ therofore b7 (u1) A> 0, A< I II. If X ~ 0 

division proccoda as follows: 

1 

iheref'ore the two loft hand dig1 te of rl arc one' 8 and ~ = 0 

and Cla3 1- 110' !Ihe rosult for X> 0 follow. 111 G08Pl~t •• 

~ B~111ng9107 provod tho following: 

mmm1.~ 1 

A sufficient condi tlon tbnt 0. ono' e-cooploccnt COLlp\ltor perform 

corroct division is; . 
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CASZ ote L.a47 = oj 

A - a23 \x \ < 0 

1(147 = 11 
'-A - 'X\ + a23 'X \ :> 0 

lyo shall assume tho rosults ,of 1beorcn 1 and prove 

A necessary and sufficiont condition t~~t a ono'8-co~10Dont 

computor porforn correct d1vision is; 

CASE V 

(a47 = OJ 

A--;?3 Ix\<o 

[a47 = 1, (A - IX i )47 = ~ 
A- lx' +P \X\?O ....... 

~47 = 1, (A - I X \ )47 = o") 

1 = 0 

PBQQF OF surrICI~YI 

CASE / .. 
rollows from Tbooroc 1. 

Cl1SE (~. 
Jollow. frOD ~ooroc 1 unlo •• 

A - , X \ t 2
23 

'X \ = o. 

But thon division procoode 8.8 toUows if X;> 0: 
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o 1 0 e •• 0 
X tA- tX\ 

... ~ i xi 

A - \ x, ... ~3 'X t = 0 

-a22 IXI 

- 222 I x, 
.,. a2l I xl 

. • 
I Xl 

'lbo di8cuasion ot ongni tudce of successivQ rOtJQ.indors which 

justifies nll additions after t~o socond stop 18 trivial and will be 

OI!li tted. Then q = 1 0 ••• 0 and r = - \ X,. Step 4b 1cpliee 

q, = q = 223 - 1 ODd R = 0 which is correct .. 

~ result for X< 0 followa by cocplenants. 

- Since the condl tion i"s neversstiat10d there is nothing 

to prove. 

PROOl or lBCBSSI rx 
Vo ahn.ll dlaregr-.rd the caso X = 0 since 1n that CQ8e the 

condi tiona of ~oorOIil :3 are never ao.tisfled and division i8 nover 

correct. 

Aasuoo thnt division 1e corroct. ~on 

(A I S (~3 - 1) 'X \ 1- R < (a23 - 1) I X, t 'X, = 

= ~ I x\ 
- 7 -
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TO provo tbat correct division ~lios 

A - f X I + zZ5 , X, ~ 0, we shall 8swme A - \ X '. + i33 \ X\ < 0 

and prove that division 18 incorrect. fhon division procoeds as 

follows for X > 0: 

x 'A - tXI 
+ ~3 IX' • 

A - f XI t ~ 'X \ = r1 .. 
Hero Qo = 1 and rl < 0 by hypothosis. If· \rl \ < 2'*6. 

Cla3 = 0 and b7 Loa:a 3 tho divi8ion 18 incorrect. It \ I't . \ ::> a46. 

\ r \.:> 246 - ~ \ X \ - ••• - \ X \ = a48 - (a23:'" 1) 'X \ ~ 

2. a46 - (a23 - 1)2 = ~ - 1 :' 2(~ - 1) + 1 ) 2 'Xl. 
and R > I X \ which 1s incorrec' for di vi.ion . b:r doflni tion. 

If X -<. 0 the rosult follow. b7 cOcp1omont8 • 

. 'Ibi. caso 1. peculiar to ma.ch1ne subtraction which 

takoa A < 0 and producos A - t X \ '> O. But thi. can happon 

onl1' if A is a rachlno mm"bor v1 th 8 47 = 1 and &48 aDd 

"sevoral- conaocutivo did" = O. in othor vorda. it \" t 1. 

TOry largo. Moro proc18017 it A < 0 and A - 'X, > O. 

than -A + f X I ~ a47 aDd -A~ 247 - t/3 of 1. But it 

A = QX + It. with I q". I X I GDd II all lcss thaD a23. 
thon . ' 

-A s: (~. - 1)2 ... (a23 - 1) = a46 - ;,ZS 

Which is Q contradiction. 

- 8- t/II 
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6. TAA C.Al(PAIGlm=G1lmRICH ~ 

Canpatgno conjecturod coMi tion (.J) and later Gin«crlch con

jocturod condi tiona (~") and ( .-) and indicatod 8 portia! proof of 

1'BlX)REl1 3 
• 

Noco8sarr and sufficient condition. that n ono's-cooplocant COD-

puter porfo~ corroct division nro ~~t 

(6) a23 , ~" 246 whore ~ ie tho contents of J,C, 

niter the first of tho 24 atape of 

3b in the algori tho. 

BO'l!!~ If vo think of tho dividend ae etntionary and tho successiva 
• 
additions and subtractions of powors of two ttcea X to A 

88 in paragraph 4, thon oondi tion (.~') 18 that after Qo 

and beforo ~3 havo been doturoinod, tho rocaindor r 1 

.atisfies 

PllOOl' OF SUlTI cam 
.. 

Wa shall giv~ 8 proof by contr~l.tlon. ~t i8 ve 8hall a8suao 

correct divi.ion is not porforood and shn.U first ahow that (J) or 
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DIvision in a ODe'.-complement Cocputor 

Sinco division i. incorrect. 'by 'lhooroc 1 A ~ iJ3 x. 
'lhen division procooda n.a follon: 

Then tho loft dipt of rl = 0 and tho next digit 1. 

zoro if tmd only it r 1 <\~. aDd than Cla3:: 1 = CIo 

contradicting ( I) • 

CASE \3 1&47 = 1. (J: - 'X· )47 = 1J 

ihc proot!. 81trl.1ar to that tor ca80 :/~"_ vi th A, 

A~a23 X and r 1 = A - a23 X roplaood rospectlve17 

b7 A - \X \ • A - tx, + ~ t X\< 0 and 

rl = A - t X I + a23 I X I. 

gAS Y fS"7 = 1, (A - '~\)47 = OJ 

It .A <. 0 nnd A - t X, >. O. "247 ~ A - t X \. \ 
,. 

Hence 

• rl = A. - 'X I -;i33 txt ~ a47 
- ~ I X , ~ 

~ z41 _-'·a23 (a23 - 1) = z46 + 1 ) zia. aDd (v') 

doe8 no t hold.. 

It X = O. OS CIa = 8 47• -1 (nod a). 0$ 'a3;; 846 - 1 (DOCl2) 

and r 1 = A. bn it 8 47 :: a"lIS' CJo· ;: ~3 and «~) doe. DOt hold, 

aDd if a47 ~ 0.46_ ,1.\ ~ .z46_ aDd. (.G) doe. not hold. 
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~OF OF BECESSITX 

We shall prove that it division is perto~ed correctl~ coDditioD8 

( L~) and. (.J) hold. :au t cond! tion (.: ) holds b;y Lemme. 3 • 

CASE ~# ... 

A8sUIDe correct division and not condition (r, >. I.e., 

J r1\ ~ z'S. 

ogw.l+RI 1 

Then I r' ~ z46 - ~2 'X, - ... - l X \ = 
~ 246 - .(a23 _ 1) lxl 2. 246 _ (~3 _ 1)2 = 

~ 2( 223 - 1) ... 1 ~ 2 'X \ .,. 1, 

l Ii' :> 'X \ and (.; ) holds. 

The proof 18 identical wi th ease ( '"I.) 

~o proof 18 needed since division 1s Dever 9orrect. 
. , 

It A~ 0, 

(1) it A<;i!3 IXI division 1. correct. 

(11) it a23 
'X \ ~ A < ;i!3 lx \ + 246 • (S) tatla aDd <u) hold., 

(111) it A ~ :?3 , X l -I- a'6. (~) holds -aM (a') tall •• 

... u-

11. A. Lel bler • 
Ju1;y 15. 1949 • 
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