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I 

FOREWORD 

P r o j e c t Whirlwind 

P r o j e c t Whirlwind at the M a s s a c h u s e t t s Ins t i tu te of Technology Digi ta l 
Compute r Labora to ry is sponsored by the Office of Naval R e s e a r c h under C o n t r a c t 
N5or i60 . The object ives of the P r o j e c t a r e (1) the appl ica t ion of an e l e c t r o n i c 
digital compu te r of l a r g e capaci ty and ve ry high speed (Whirlwind I) to p r o b l e m s 
in m a t h e m a t i c s , s c i ence , engineer ing , s imula t ion , and c o n t r o l , and (2) the study 
and development of component re l iabi l i ty in Whirlwind I. 

The Whirlwind I Computer 

Whirlwind I is of the h igh-speed e l ec t ron ic digital type, in which quan t i t i e s 
are r e p r e s e n t e d as d i s c r e t e n u m b e r s , and complex p r o b l e m s a r e solved by the 
r epea ted use of fundamental a r i t hme t i c and logical ( i . e . , con t ro l o r se lec t ion) 
o p e r a t i o n s . Computat ions a r t executed by f r a c t i o n a l - m i c r o s e c o n d pu l se s in e l e c 
t ron ic c i r c u i t s , of which the pr inc ipal ones a r e (1) the flip-flop, a c i r c u i t conta ining 
two vacuum tubes so connected that one tube or the o ther is conduct ing, but not 
both; (2) the gate or coincidence c i rcu i t ; (3) the m a g n e t i c - c o r e m e m o r y , in which 
binary digi ts a r e s t o r e d a s one of two d i r ec t ions of magne t i c flux within f e r r o 
magne t i c c o r e s . 

Whirlwind I u s e s n u m b e r s of 16 b inary digits (equivalent to about 5 d e c i m a l 
d ig i t s ) . This length was se lec ted to l imi t the machine to a p r a c t i c a l s i z e , but it 
p e r m i t s the computat ion of many s imula t ion p r o b l e m s . Ca lcu la t ions r e q u i r i n g 
g r e a t e r n u m b e r length a r e handled by the use of mul t ip l e - l eng th n u m b e r s . Rapid-
a c c e s s m a g n e t i c - c o r e m e m o r y has a capaci ty of 32,768 b inary d ig i t s . P r e s e n t 
speed of the compute r is 40,000 s i n g l e - a d d r e s s opera t ions per second, equivalent 
to about 20,000 mul t ip l ica t ions per second. This speed i s h igher than g e n e r a l 
scient i f ic computat ion demands at the p r e s e n t s ta te of the a r t , but is needed for 
con t ro l and s imula t ion s tud ies . 

I • « • - ! — • -'T'T'li 

1. QUARTERLY REVIEW AND ABSTRACT 

During the past q u a r t e r 52 p r o b l e m s made use of the compute r t ime al lot ted to the 

Scientific and Engineering Computat ions (S&EC) Group. The computer logging desc r ibed 

previously is now being u t i l i zed to produce a biweekly repor t of t ime used by e a c h p r o b l e m ; 

the p roces s ing is done en t i r e ly by WWI. New rout ines for displaying numer ica l r e su l t s on 

the osc i l loscope were introduced into the comprehens ive sys tem of se rv ice rou t ines . 

G r e a t e r emphas is is now being placed on rel iabil i ty and maintenance of WWI to 

provide the best possible p e r f o r m a n c e . Inc rea sed rel iabi l i ty resul ted in 95% usable app l i 

cat ions t ime compared wi than average of 93% since September 1953. To this end a biweekly 

ana lys i s is be i rg made of the types of in te r rup t ions occu r r ing most frequently and those 

resul t ing in g rea t e s t loss of t ime. 

There were 32 s tudents r ep resen t ing 12 MIT groups enrol led in the DCL p r o g r a m 

ming course given this q u a r t e r . Topics included were re la t ive a d d r e s s e s , t e m p o r a r y 

s to rage , floating a d d r e s s e s , p r e s e t p a r a m e t e r s , p r o g r a m m e d a r i t hme t i c , cycle c o u n t e r s , 

buffer s to rage , automatic output, post m o r t e m s , and mul t ipass convers ion . The cou r se 

on machine computat ion, Machine-Aided Analys i s , had an enro l lment of 59, p r i m a r i l y 

sen io r s in E lec t r i ca l Engineer ing . P r a c t i c e p rob lems were done by the students on a REAC 

and on WWI (simulating the t h r e e - a d d r e s s compute r developed for the 1954 s u m m e r s e s s i o n ) . 
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2. MATHEMATICS, CODING, AND APPLICATIONS 

2.1 Introduction 

During the period covered by this repor t 52 problems made use of the computer t ime 

allotted to the Scientific and Engineering Computation (S&EC) Group. P r o g r e s s r epo r t s as 

submitted by the var ious p r o g r a m m e r s a r e presented in numer i ca l o r d e r in Section 2. 2. 

Of these , 21 (189, 191, 20i , 210-218, 220-222, 225, and 228-232) r e p r e s e n t new prob lems 

that a r e being descr ibed for the f irs t t ime . Fourteen prob lems (107, 159, 166, 184, 190, 

200, 208, 210, 211, 212, 211, 215, 220, and 222) have been completed The r e su l t s of 24 

p rob lems will be included in academic theses (one S. B. , two S. M. , 18 Ph . D. o r Sc. D). The 

r e su l t s of 11 problems have been or will be submitted for publication in technical j o u r n a l s . 

The computer logging descr ibed in Summary Report No. 37 (page 12) i s now being 

ut i l ized to produce a biweekly repor t of t ime used by each problem with the p rocess ing be 

ing done ent i rely by WWI. 

New rout ines for displaying numer ica l resul t s on the osci l loscope (for photographic 

output) have been introduced into the comprehens ive sys tem of s e rv i ce rou t ines . A d e s c r i p 

tion of the routines will a lso be found under Prob lem 100. 

2.2 Problems Being Solved 

1 0 0 COMPKEHENSIVE SYSTEM OF SERVICE ROUTINES 

The comprehens ive sys tem of serv ice routines has been developed by the Scientific 

and Engineering Computation (S&EC) Group to simplify the p r o c e s s of coding for WWI. The 

sys tem now in use , called CS II, was desc r ibed in Summary Repor ts No. 36, 37, 38, and 39. 

Since the reader will find re fe rences in some of the r e p o r t s below to the number 

sys tem used in CS II, the following brief descr ip t ion is included h e r e for the r e a d e r ' s con

venience . 

(m,n) numbers shall mean numbers which a re of the form z = x • 2 y where x is an 

m-b ina ry -d ig i t number and y is an n -b inary-d ig i t number . For example , (24, 6) signifies 

a two- reg i s t e r floating-point sys tem dealing with numbers of 24 significant b inary digits 

(roughly seven decimal digits) with magnitudes between 2 6 3 and 2 ~ 6 4 . 

Ari thmetic involving these (m, n) numbers is c a r r i e d out by means of (m,n ) i n t e r -

pre t ive subrout ines . These subroutines enable the p r o g r a m m e r to wr i t e coded p r o g r a m s 

using (m.n) numbers as easily a s , or even m o r e easily than, he might write p r o g r a m s in 

the single-length fixed-point (15,0) number sys tem which i s buiit into Whirlwind I. 
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MATHEMATICS, CODING, AND APPLICATIONS 

Automatic Biweekly 

During each computer sess ion a logging tape is automat ical ly punched out under the 

control of the computer . This logging tape contains the following information; (1) the t ime 

one problem began and ended, (2) whether the ope ra to r e r a s e d before read- in , (3) UM num

ber of the tape read in (this number a lso identifies the problem, p r o g r a m m e r , and kind of 

tape), (4) whe the r a tape was conver ted, (5) whether a pos tmor tem was given, (6) t ime used 

for testing te rminal equipment, and (7) the compu te r ' s "down" t i m e . The t ime i s e i ther in 

hours and minutes or s tandard t ime . 

A routine has been wri t ten which will read in these logging tapes and (1) sum up all 

the t ime used by each individual problem, (2) compute how many problems w e r e run, (3) 

compute how many p rog rams were run, (4) compute the t ime used for drum tes t ing , .mag

netic -tape tes t ing, cal ibrat ion of the scopes , p h o t o e l e c t r i c - t a p e - r e a d e r check, e t c . , (5) 

compute the lost t ime , (6) sum up the over -a l l t ime used, and (7) compute the percen tage 

of usable computer t ime . 

These r e su l t s a r e combined with special information, s to red on the aux i l i a ry d rum, 

about the problem t i t les and p r e sc r i bed biweekly repor t formal to produce a "delayed" 

punched paper t ape . This paper tape i s then used t o p r o d u c e o n Multilith the S&EC Group ' s 

biweekly r epo r t . 

Even though the p resen t sys tem is working sa t i s fac tor i ly , further development will 

continue to make the sys tem fas ter and more flexible. 

Automatic Osci l loscope Output 

Automatic-output ins t ruct ions for displaying numer ica l r e su l t s on the scope have 

been added to the CS II vocabulary. The ins t ruc t ions SOA and iSOA (which stand for Scope 

Output Alphanumeric s, the i indicating that an in t e rp re t ive mode has been selected) a r e u s e d 

exactly like TOA and iTOA. Thus iTOA + 123,45s m e a n s "type the contents of the MRAon 

the F lexowri te r as a signed number having three digits to the left of the decimal point and 

two to the right and follow it by a space" while iSOA + 123.45s will display the s a m e number 

on the scope followed by a space. The "machine funct ions ," c a r r i a g e r e tu rn , tab, and 

space , have much the same meaning on the scope as on the F lexowr i t e r . A f rame has room 

for 36 lines of number s , and there a r e four tab posi t ions and room for 63 c h a r a c t e r s a c r o s s 

the face of the scope. 

Some ins t ruc t ions a re pecul iar to the scope. The FRAME (iFRAME) ins t ruc t ion ad

vances the film in the camera , and, if SOA (iSOA) i s used , it r e s e t s the display coord ina tes 

to the upper left-hand corner of the scope. T h e c a r r i a g e re turn a l so does this if the number 

of l ines exceeds 36. The COLUMN (iCOLUMN) ins t ruct ion moves the "left hand marg in 
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•top^1 to the next tab position to the right and re se t s the display position to the top l ine . If 

the next tab pusition is off the r ight-hand side of the scope, it acts like FRAME, 

106 MIT SEISMIC PROJECT 

As discussed in p r tv iou i Summary Repor t s , P rob lem 106 is concerned with the 

investigation of the use of s tat is t ical -analys is techniques in i c i s m i c * r e c o r d i n t e rp re t a t i ons , 

and in par t icu lar in the separat ion of " ref lec t ions" from background in te r fe rence on these 

r eco rds . More complete descr ip t ions of the problem and the approaches used a r e contained 

in "Detection of Reflections on Seismic Records by Linear O p e r a t o r s " (Wadsworth, Robin

son, Bryan, and Hur ley--Geophys ics , Vol. 18, No. i, July 1953). This work is being 

ca r r i ed out by the MIT Geophysical Analysis Group under the direction of Dr. S. M. S imp

son. 

In Summary Report No. 39 a list was presented of the various ca t ego r i e s of c o m 

putation in which Problem 106 has been in te res ted . During the past 3 months e m p h a s i s 

has been put on three of these ca tegor i e s ; 

1. Computations designed to test techniques for probing the s ta t i s t i ca l and f r e 

quency behavior of a given input se i smogram; 

2. Computations aiding the development of the re la t ionships between d i s c r e t e l inea r 
opera to r s and linear e lectr ic f i l t e r s ; 

I, Computations designed to simulate and study va r ious s ta t i s t ica l noise m o d e l s . 

Under 1 we have p rogrammed a finely spaced, mul t i t e rm cor re la t ion cosine t r a n s 

form p rog ram, using a ta i lormade p rogrammed ar i thmet ic to solve the s p e e d - a c c u r a c y 

problem, and we have completed computation yielding a table for use in es t imat ing s igna l -

to-noise rat ios as functions of frequency from mul t i t race signal noise m i x t u r e s . 

Under 2 we have p rog rammed the computation of inverse l inea r o p e r a t o r s , the 

computation of l inear opera tors from the location of their poles in the " z " plane, and the 

computation of l inear opera tors from their real frequency power spec t ra . This last p r o 

g ram, which is a means of bypassing l e a s t - s q u a r e s methods by spect ra l factor izat ion, is 

not yet completed. In addition, we have computed tables of l inear o p e r a t o r s with special 

cha rac t e r i s t i c s : one set with high pass filter c h a r a c t e r i s t i c s and another with n a r r o w band 

pass c h a r a c t e r i s t i c s . 

Under 3 we have computed a 1200-term stat ionary s e r i e s by moving summat ion 

from a wavelet and a random-number table. From this s e r i e s , e s t ima te s of va r i ance , 

cor re la t ion , and power spectra have been obtained for var ious sample lengths as an ex

per imenta l determination of Variability, the r e su l t s to be compared with observed s e i s m i c 

var iabi l i ty in these quanti t ies. 
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The most impor tant r e s u l t s obtained during this period have been: verification of a 

new concept of noise on actual se i smog r a m s ; p r o g r a m s to exploit this concept; the tabalated 

o p e ; a t o i s mentioned above; exper imenta l information about se i smic -wave le t stability; and 

e x p e r i m e n t a l informat ion about var iabi l i ty in e s t i m a t e s . 

F o r the future we plan to pursue these topics and to complete and use the s p e c t r u m -

fac tor iza t ion p r o g r a m . 

1 0 7 (a) AUTOCORRELATION AND (b) FOURIER TRANSFORM 
INTEGRAL EVALUATION 

Routines developed under this problem by D. T . Ross of the MIT Se rvomechani i n t l 

L a b o r a t o r y have been used by F . Raichlen of the MIT Hydrodynamics Laboratory in tin-

inves t iga t ion of turbulent -ve loc i ty fluctuations in open-channel flow m e a s u r e d by means of 

a P i t o t - t u b e p r e s s u r e - c e l l combinat ion. This project is sponsored by the Office of Naval 

R e s e a r c h under Cont rac t No. N5-or i -07874 . In the future, this project will be repor ted on 

under P r o b l e m 223. 

During the past q u a r t e r it was found n e c e s s a r y to delete the secondary diaphragm 

of the t r a n s d u c e r to i n c r e a s e the mechanical stabili ty of the sys t em. This removal n e c e s 

s i ta ted an i n c r e a s e in th ickness of the p r imary d iaphragm of the gage to bring the na tura l 

f requency of the s y s t e m back to an acceptable value. A number of runs in a high-velocity 

flume w e r e then made to inves t iga te the effect of th is change on the previous resu l t s o b 

ta ined over the pas t year from the Digital Computer Labora to ry . 

As before, the co r r e l a t i on curve obtained showed super imposed per iodic i t ies of 

approx ima te ly 180-cps frequency. These c u r v e s , however , were much c leaner in a p p e a r 

ance as far as low-frequency components were conce rned . This made poss ib le a different 

a p p r o a c h to the computation of the m a c r o s c a l e of turbulence L . By the application of a 

t h r e e - p o i n t smoothing p r o c e s s to the resu l t s obtained from the Digital Computer Labora to ry 

the h igh-f requency per iod ic i t i es were averaged out. The low-frequency component was 

r emoved from the curve by subt rac t ing a cosine curve which had been fitted to this p r e -

dominant per iod ic i ty . A theore t i ca l curve of R r = e was then fitted to the smoothed 

e x p e r i m e n t a l co r r e l a t i on cu rve . F rom this the value of L was obtained and found to be 

approx imate ly the same as that computed previously by m o r e laborious methods . 

1 0 8 AN INTERPRETIVE PROGRAM 

During the l a s t q u a r t e r an effort has been s t a r t ed by Dr. J . H. Laning of the MIT 

Ins t rumenta t ion Labora to ry to r ewr i t e the a lgebra ic i n t e rp re t ive p r o g r a m in i ts en t i re ty . 

The object of this effort is to i n c r e a s e both the speed and versa t i l i ty of the a lgebraic r o u 

t ines . It is expected that an i n t e r i m revised p rog ram will be avai lable short ly in a form 
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suited to future development and extens ions . 

Among the anticipated features of the new program arc the following: 

1. The operat ion speed will be inc reased by an es t imated factor of 5 to 10; 

2. The usable computer s torage capaci ty will be cons iderably enlarged; 

3. The basic vocabulary of the p rog ram will be considerably inc reased : for e x 

ample , function subrou t ine , will now be designated by famil iar words making the p r o g r a m 

ming task somewhat eas i e r . In addition, a number of new features will be included such 

as the automatic evaluation of sums, products , and in tegra l s . 

At p resen t the main logical s t ruc tu re of the p rog ram is about 75% comple t e . It i s 

expected that this will be operating by the end of the p resen t qua r t e r ly period. Following 

th is , future revis ions will be added as t ime and manpower permi t . 

1 2 0 THERMODYNAMIC AND DYNAMIC EFFECTS OF WATER INJECTION INTO HIGH-
TEMPERATURE, HIGH-VELOCITY GAS STREAMS 

This problem is connected with the development of a potential gas - tu rb ine compon

ent, called an " a e r o t h e r m o p r e s s o r , " in which a net r i se in stagnation p r e s s u r e of a hot 

gas s t r e a m i s brought about by the evaporat ion of liquid water injected into a h igh-veloci ty 

region of the flow. The concepts underlying the operation of the a e r o t h e r m o p r e s s o r a re an 

outgrowth of compara t ive ly recent work in the field of gas dynamics , and its intended func

tion in the gas - tu rb ine cycle is analogous to that of the condenser in a s team power p lant . 

The device cons i s t s of a converging nozzle which a c c e l e r a t e s the exhaust ga se s 

from the turbine into a c i rcu la r duct of varying d iameter t e rmina ted by a conventional 

conical diffuser, which recovers the kinetic energy of the flow before d ischarging it to the 

a tmosphe re . At the entrance of the durt {evaporation section), special in jec tors de l iver 

minute j e t s of water which a r e in turn a tomized by the rapidly moving gas s t r e a m . The 

changes in state within the a e r o t h e r m o p r e s s o r a r e brought about by the s imultaneous t h e r 

modynamic and dynamic effects of (1) evaporat ion of the liquid wa te r , (2) momentum and 

energy in terac t ions between the phases , (3) friction, and (4) var ia t ions in c r o s s - s e c t i o n a l 

a r ea of the duct. Under proper c i r c u m s t a n c e s , these effects br ing about a net r i se in 

stagnation p r e s s u r e a c r o s s the device. F u r t h e r descr ipt ions of th is device may be found 

in e a r l i e r r epo r t s , beginning with Summary Report No. 32, Fourth Quar te r 1952. 

The role of Whirlwind I in the successful development of the a e r o t h e r m o p r e s s o r is 

in t imately connected with the determinat ion of per formance c h a r a c t e r i s t i c s of the device 

under all conditions of operation by means of a comprehensive one-dimensional analys is of 

the p r o c e s s . The principal objectives of this analytical study, which began late in 1952, 

a r e ( l ) to es tabl i sh a f irm theoret ical foundation for an unders tanding of the p r o c e s s and 

(2) to obtain design data for experimental work. 
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During the past q u a r t e r , mos t of the effort was d i rec ted toward the planning and 

p repara t ion of a completely revised Whirlwind p r o g r a m . This revision, which is c u r r e n t l y 

about one-half completed, was mot ivated by obsolescence of the original p r o g r a m , a na tura l 

consequence of both expanded knowledge concerning the a e r o t h e r m o p r e s s o r and changes in 

the Whirlwind computer . The basic objective of the new p r o g r a m is to provide a rapid and 

convenient s cheme of a n a l y s i s , and the essen t ia l changes in the p rog ram include: 

1. Use of the four th -o rde r Runge-Kutta method for numer ica l solution of the dif

ferent ia l equat ions , r a the r than the e l emen ta ry Eule r method; 

2. Change of independent va r i ab le from fraction evaporated (humidity) to axial 

d is tance along duct; 

3. Extens ive use of the auxi l i a ry magnetic d rum for both computat ions and p r o g r a m 

organizat ion, the la t ter in an at tempt to avoid a plethora of punched tapes ; 

4. El iminat ion of all in te rp re t ive ins t ruc t ions except those mandatory for a r i t h 

met ica l ope ra t ions ; 

5. Careful revis ion of all por t ions of the p r o g r a m involving i te ra t ion , for example , 

the subroutine used for de termining roots ; (The rev ised p r o g r a m is m o r e than twice as 

fast as the o r ig ina l . ) 

6. El iminat ion of necess i ty for hand computation of a portion of the initial data by 

incorpora t ion into p r o g r a m ; 

7. P rov i s ion for the optional use of a concentr ic c i r c u l a r plug within the e v a p o r a 

tion section of the a e r o t h e r m o p r e s s o r ; 

8. Revised t r e a t m e n t of the liquid t empera tu re and liquid velocity to avoid ins tabi l i ty 

toward the end of the calculat ion. 

Following complet ion of this p r o g r a m , it i s planned to r e sume computa t ions on a 

b road sca le . Cons iderable exper imenta l data from the m e d i u m - s c a l e tes t facility at the 

MIT Gas Turbine Labora tory is being accumulated and awai ts co r robora t ion . F u r t h e r , 

s e v e r a l p r o c e d u r e s for calculat ing opt imum per fo rmance of the a e r o t h e r m o p r e s s o r awai t 

exploitat ion. 

The a e r o t h e r m o p r e s s o r development p rog ram is being c a r r i e d out at MIT under 

the sponsorsh ip of the Office of Naval Resea rch and is d i rec ted by P r o f e s s o r A s c h e r H. 

Shapiro of the Depar tment of Mechanical Engineer ing. The theore t ica l a s p e c t s of the p r o b 

l e m t rea ted by Whirlwind I a re being c a r r i e d out by Dr . Bruce D. Gavr i l . 

1 2 2 COULOMB WAVE FUNCTIONS 

A p r o g r a m h a s b e e n written by J . Uretsky and M. Rotenberg of the MIT P h y s i c s D e -
1 

p a r t m e n t to genera te Coulomb wave functions by the method of Brei t , Yost, and Whee le r . 

7! Physica l Review 49, 175 (1936) 
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Rutii a r e now being made to de te rmine the region of usefulness for this method. 

The p r o g r a m has proven to be logically c o r r e c t . However, t he re is some doubt as 

to the convergence of the formulae being used . 

1 2 3 EARTH RESISTIVITY INTERPRETATION 

This p rob lem i s concerned with a means of analyzing e a r t h - r e s i s t i v i t y da ta . The 

p r o c e d u r e is to a s s u m e a fixed number of homogeneous horizontal l a y e r s , together with the 

t h i c k n e s s e s and conduct ivi t ies of these l a y e r s , and then to re lax the Sl ichter ke rne l ca lcu

lated there f rom to the observed kerne l by sys temat ica l ly changing the a s s u m e d p a r a m e t e r s 

(see S u m m a r y Repor t No. 37). 

To invest igate the behavior of the solution, severa l kinds of data have been run. 

K e r n e l s were ca lcula ted theoret ical ly for c a s e s in which the second layer was much thinner 

than the f i rs t or in which the conductivity con t ra s t between success ive l a y e r s was ve ry s m a l l . 

These were rounded off to the accuracy of field data ( l a rger random e r r o r s were added to 

some) before a n a l y s i s . Kernels calculated for a number of layers g r e a t e r than a s s u m e d in 

the ana ly s i s were a l s o analyzed. In the s ta tement of the problem, it is a s s u m e d that the 

conduct ivi t ies of the f i r s t and last l aye r s a r e known, as is the ca se . Data in which an i n c o r 

rec t value of bo t tom- laye r conductivity was used were analyzed. Also, an actual obse rved 

k e r n e l , from an a r e a in which dr i l l ing information was available for compar i son , was run. 

At the same t i m e the p rogram was sped up so tha t an analysis takes about 4 minu tes 

ins tead of 15 m i n u t e s , and seve ra l fea tures were incorpora ted to e l iminate the uns tab le 

osc i l la t ion of the solut ions which somet imes resu l t s from an inc rease in the p a r a m e t e r -

change mul t ip l i e r . 

The behavior of the analyses in general s eems sa t is factory . However, if the ini t ial ly 

a s s u m e d values of the p a r a m e t e r s being sought a r e too far wrong, no solution will be ob

tained, because one of the denominators in the Crout calculation of the p a r a m e t e r changes 

i s the r e s u l t of sub t rac t ion of two near ly equal n u m b e r s . A change in the number sys t em 

used from (24, 6) to (25, 5) or {26, 4) might help in some such c a s e s . Provided that such is 

not the c a s e , the ana ly s i s yields solutions which seem reasonable intuitively and whose k e r 

nels m a t c h the initial ke rne l s to a degree depending on the situation. T h r e e - l a y e r k e r n e l s 

fit to b e t t e r than the accuracy of the data. F o u r - l a y e r k e r n e l s , in the t h r e e - l a y e r ana ly s i s , 

yield a "smoothed" solut ion. The field case fitted the dr i l l information ex t r eme ly we l l . A 

few m o r e difficult c a s e s and three m o r e field c a s e s a re being run. 

The kerne ls for the field c a s e s were in tegrated by Whirlwind from f i e ld - r e s i s t i v i ty 
data taken in mining a r e a s in the Southwest. 

This work is being ca r r i ed out by K. Vozoff of the Department of Geology and Geo

physics under the sponsorsh ip of the P ro jec t for Machine Methods of Computation and Nu-
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mer i i . i l Analys is . 

1 2 6 A DATA-REDUCTION PROGRAM 

Prob l em 126 is a *ery l a rge da ta- reduct ion p rog ram for use in the Servomechanisms 

Labora to ry . The o v e r - a l l problem is composed of many component sections which will be 

developed separate ly and then combined at a later date . Ear ly efforts were focused on the 

development of ut i l i ty-type p r o g r a m s . These p r o g r a m s , which have been descr ibed in 

previous Quar ter ly Repor t s , include a fully automatic p r o g r a m to fit polynomials to a r b i 

t r a ry emp i r i ca l functions, a gene ra l -purpose Lagrange interpolat ion p rog ram, and a flexible 

and fair ly e laborate p o s t - m o r t e m rout ine. The p r o g r a m s a r e being developed by Douglas 

T. Ross and William M. Wolf with the a s s i s t ance of Miss Dorothy A. Hamilton, Servo-

m e c h a n i s m s Labora tory staff m e m b e r s . 

The basic da ta- reduct ion p rogram has been completely checked using the mis take 

diagnosis routine (MDR) to ex t rac t over 30 in te rmedia te r e su l t s for accuracy and logical 

checks . Work on this p rogram has been dormant pending the development of the manual -

in tervent ion program (MIV). The MIV program is a genera l routine for the in te rpre ta t ion 

of manual interventions into the computer via inser t ion r e g i s t e r s and activate buttons. It 

has fac i l i t ies for seve ra l types of a lpha-numer ic and graphical scope outputs, sounding of 

audible a l a r m s , and e labora te p rogram modification. The MIV p rog ram will operate in 

conjunction with the basic da ta- reduct ion p rog ram (or any s imi la r p rog ram) , and the intent 

is to have the flexibility normal ly assoc ia ted only with analog compute r s avai lable for 

ins tantaneous modification and monitoring of this c l a s s of d ig i ta l -computer p r o g r a m s . 

The mistake diagnosis routine has been modified so that it now will opera te from 

and on any drum group or combination of g roups . The method of specifying p a r a m e t e r s 

for b reak points has a l s o been simplified r»nd made more foolproof. A slight modification 

opera tes in conjunction with the MIV p rog ram to give scope outputs of MDR re su l t s as they 

occur . 

A "scope input" routine has been wri t ten which gives a type of two-dimensional 

analog input to the Whirlwind compute r . The principle of the p r o g r a m i s s i m i l a r to the 

"flying spot s canne r s " used on analog compute r s . The equipment used is a 16-inch osc i l 

loscope under the control of the computer with a photocell mounted so that i ts field of view 

is the en t i r e scope face. Then by p rogramming a flying spot and asking whether or not the 

photocell " saw" the spot, the p r o g r a m can be made to follow an opaque pointer as it is 

moved in a random fashion over the face of the scope. Since the p r o g r a m displays the spot 

by digital coordinates , the tracking of the pointer const i tutes analog input to the computer . 

P r e s e n t work includes test ing and use of the MIV p rog ram with the presen t basic 

da ta - reduc t ion p rogram and a l so extensive modification of the basic p rog ram to include 
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seve ra l new equat ions . 

1 3 1 SPECIAL PROBLEMS (STAFF TRAINING, DEMONSTRATIONS, E T C . ) 

A payroll p rogram has been p repared for use in demons t ra t ions . It computes hours 

worked, regular earn ings , p remium earn ings , g ross ea rn ings , social s ecu r i ty tax, with

holding tax, and net pay. 

There a r e two inputs to the p r o g r a m . One is a file of employee r e c o r d s containing 

employee name, nurnoer, ra te of pay, and number of dependents . The other input, which 

the demonstra t ion audiences will be invited to p r e p a r e , r ep re sen t s the weekly t ime c a r d s . 

The d i rec t p r in te r i s used to p r e p a r e payrol l checks and deduction s l ips on s tandard 

f o r m s . 

During the past 3 months , eight groups visi ted the Labo ra to ry , The affi l iat ions of 

these groups a r e given in Section 5. 3. 

I 3 2 SUBROUTINES FOR THE NUMERICALLY CONTROLLED MILLING MACHINE 

Use of the computer during this qua r t e r by J. H. Runyon of the MIT S e r v o m e c h a n -

i s m s Labora tory has been r e s t r i c t ed mainly to the checking of mi l l ing-machine t a p e s . Two 

shor t subroutines for use with a feedra te -cont ro l routine were wri t ten and t e s t e d . A tes t 

p r o g r a m for this routine is being wri t ten. P r o g r a m m i n g for mi l l ing-machine t ape p r e p a r 

ation for a two-dimensional cam has begun. 

1 4 1 S&EC SUBROUTINE STUDY 

A subroutine for solving simultaneous equations by Crout ' s method has been included 

in the l ibrary under the tit le LSRMA 6. This subroutine will compute A" B, where B is a 

m a t r i x consist ing of one or severa l co lumns . Check columns a re provided to indicate the 

accuracy of the r e s u l t s . 

A new s ine-cos ine evaluation subroutine has also been included in the l i b r a r y . This 

rout ine , LSR FU 4b, differs from the older LSR FU 4 s in-cos rout ine in that the reduct ion 

of the given angle to the appropr ia te range is accomplished more rapidly, thereby reducing 

computing t ime in cases where many large angles a r e involved. 

An improved vers ion of LSR MA 5, Symmetr ic Matr ix Invers ion and Square -Root 

Invers ion , has been wri t ten , tes ted , and placed in the l i b r a r y . 

A subrout ine, LSR MA 7, has been added to the l i b ra ry . Its function is to genera te 

the augmented ma t r ix of a set of s imultaneous equations, the solution of which i s the set of 

coefficients of the polynomial which is the best fit in the l e a s t - s q u a r e s sense to some data 

given in tabular form. The data is s tored initially on the d rum. The m a t r i x is left in core 
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m e m o r y in a fo rm such that LSR MA 6 may be used to find the solution. The o r d e r of the 

polynomial , the number of points in the table of data, the location of the data on the drum, 

and the location of the m a t r i x in core memory a r e all p rogram p a r a m e t e r s . Calculat ions 

a r e done in (30 - j , j) a r i t h m e t i c . 

144 SELF-CONSISTENT MOLECULAR ORBITAL 

An improved ve r s ion of the l inear combination of atomic orb i ta l s for se l f -consis tent 

field method has been wri t ten by Dr. A. Meckler of the MIT Solid State and Molecular The

ory Group . The pa t te rn of the p rogram is much like that indicated in Summary Report 

No. 35 but with t h r e e major modifications; 

The new p rog ram does not p resume the use of an or thonormal ized set of orbi ta ls as 

the b a s i s of the calcula t ion. The equations now have the following form for a c losed-she l l 

s y s t e m : 

The mo lecu l a r orb i ta l s a re expressed as 

0 . ( x ) = I v ^ x j c ^ 

where v (x) i s a p r e s c r i b e d orbital and c . i s a coefficient to be de termined. In genera l . 

/ v „ * W v l . (*)dx = A, .,, 

a nondiagonal but posi t ive-defini te mat r ix . The side condition that the d)'s be o r thonorma l 

ized is equivalent to 

CTA C = 1 . 

With p = CC^", the energy express ion is 

X a 
F is the one -e l ec t ron energy mat r ix and 

G ^ = 2 / * a ( l ) u ( l ) g 1 2 A a U ) ( r ( 2 ) d x 1 d x 2 - l / 2 I / ° ( l ) o - { l ) g u X a { 2 ) u ( 2 ) d x 1 d x 2 - 1/2 fva (1) 

X ( l ) g u c r a ( 2 ) u ( 2 ) d X l d x 2 

with the r e s t r i c t i on that the in tegra ls be rea l . 

The condit ions on a a re now 

Tr^A = n = half the number of e lec t rons 
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ipA)1- PA. 

The requirement that the energy be stationary with respect to infinitesimal variations of p 

leads to the necessary and sufficient conditions 

H/)A=A/?H 

where H \ = F \ _ + 2 p G " * K<T \<r v
 r\*-v JJ,O-

The substitutions R = A~ 1 / 2 HA"*72 

yield the equivalent equations 

H ^ = ^ H 

p = p Tr p - n 

These are solved as were the set for the old program. That is, H is diagonalized, the rect

angular matrix C is formed from its n lowest eigenvectors, and ~p = CC . This is followed 

by a transformation to p which is used to form a new H, and so on in the cycle. Thus, ex

cept for a preliminary calculation of A" ' and intermediate transformations, the iteration 

pattern is like the one previously programmed. 

The second improvement in the program is the test for self-consistency. The first 

program tested the variation of total energy from iteration to iteration. This is numerically 

bad. The numbers representing the eigenvectors are stabilized long before that number 

which represents the total energy. In fact, there is enough roundoff error in acomputation 

of the large total energy sothat itis impossible to judge the important last decimal places. 

Self-consistency can be missed. 

In the new program, the considered quantity is 

Tr(p< - p ) z 

where p is the input matrix and p ' is the output matrix for one cycle. 

Now 

Trip •?)*• T'(/>' -pWp'-p )A 

S T r ( 0 ' -p)
Z [ T , A ] 2 

the inequality following from the positive-definiteness of A . The equations satisfied by 

any p imply 
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Tt{p' -pf = Tr8^ = -Tr php + Bpp . 

If op were really a first variation, the idempotency of p would insist that 

Sp = pB p + 8 pp • 

Every p has the same trace, so that 

Tr 8^= 0. 

Therefore, if the initial and final matrices did differ by only a first variation, Tr(S' -p) 

would be equal to -Tr8i> and would vanish. The smallness of this trace or, in fact, the 

smallness of Tr(o' - p ) is taken as a test for self-consistency. 

The third improvement in the program is an over-all one engendered by machine 

developments and programming maturity. The use of buffers, for example, should increase 

the accuracy; the working is more direct. Better use of storage has allowed bigger systems 

to be handled: if a symmetry type is of order n., then 

r -^— £ "• 
1 5 5 SYNOPTIC CLIMATOLOGY 

Our basic objectives as put forth in Summary Report No. 39 have not changed suf

ficiently to require a restatement of them here. 

Over the past quarter we have made great strides in expanding the size matrix that 

can be solved. This in turn has permitted us to add to our initial set of parameters others 

which we feel contain a sufficient amount of information with regard to our problem. The 

present program for solving matrices allows us to go as high as an n x n matrix, where n 

is restricted only by the amount of storige available. Thus n is restricted to 145, using 

only the amount of storage ten auxiliary-drum groups afford. The matrix-solution technique 

which we make use of is that developed by Crout, and the program is only applicable to sym

metrical matrices. 

Up to the present time we have solved a matrix as high as 84 x 84. This was accom

plished in a little over 12 minutes, even though portions of the program had to bt done in the 

interpretive mode. A check was made on the amount of roundoff error accumulated. It 

appears from this check that the results, with input data containing seven digits, are ac

curate to seven places. 

Our aim during the next quarter will be to incorporate magnetic-tape storage, which 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



MATHEMATICS, CODING, AND APPLICATIONS 

should make the solution of any s ize ma t r ix poss ib le . Our in te res t in at tempting to solve 

higher and higher m a t r i c e s is due to the fact that until now we have as yet to r each a point 

of d iminishing r e t u r n s , insofar as the number of var iab les used and the number of degrees 

of f reedom lost a r e concerned . 

P r o g r a m m i n g is being per formed by Mr. Herber t J. Brun and Mr . Robert G. Mil ler 

under the supervis ion of P r o f e s s o r Thomas F . Malone of the MIT Meteorology Depar tmen t . 

1 5 9 WATER USE IN A HYDROELECTRIC SYSTEM 

This p rob lem, under taken by J . D . C . Lit t le of the MIT Phys i c s Depar tment , has 

been desc r ibed in Summary Report No. 37. In the past qua r t e r some final runs have been 

m a d e . The work on this problem has been repor ted in an MIT Phys ics Depar tment doc to r 

al t h e s i s . A paper is now being p repa red for submission to the Journal of the Opera t ions 

R e s e a r c h Society of A m e r i c a . 

1 6 2 DETERMINATION OF PHASE SHIFTS FROM EXPERIMENTAL CROSS SECTIONS 

A phase-shif t analys is is being made of the elast ic sca t te r ing of protons by 0 by 

Dr . F . J . Eppling of the MIT Labora to ry for Nuclear Science. The phase shifts r equ i red 

to provide a fit to a number of exper imenta l angular dis t r ibut ions will be de termined from 

a pa r t i a l wave expansion of the differential c r o s s section. 

During the past q u a r t e r , a p r o g r a m designed to find for any combinations of phase 

shifts the best fit to the exper imen ta l c r o s s sect ioas has been worked on. Severa l tapes 

have been run to t e s t different p a r t s of the p r o g r a m . It is expected that soon the en t i r e p r o 

g r a m will be ready to be run for any energy des i r ed . 

1 6 6 CONSTRUCTION AND TESTING OF A DELTA-WING FLUTTER MODEL 

The basic p rocedu re s employed in this problem for designing a low-aspect-ratio-wing 

f lut ter model to s imula te a given set of flexibility influence coefficients of a fu l l - sca le wing 

were desc r ibed in Summary Repor t s 37, 38, and 39 by S. I. Gravi tz and M. M. Chen of the 

MIT A e r o - E l a s t i c and S t r u c t u r e s R e s e a r c h Labora tory . 

The basic computat ions involved were to yield solutions for a set of s imul taneous 

nonl inear a lgebra ic equations for the problem considered. The computation of a t h r e e - b a y 

s tat ic model s imulat ing the flexibility influence coefficients of an actual delta-wing a i rp lane 

has been completed, and the r e su l t s show good agreement with exper imental data. Such a 

flutter model is still under cons t ruc t ion and will be tested in the near future. 

The computat ion was sa t i s fac tor i ly concluded ear ly in this q u a r t e r . The basic com

putational p r o c e d u r e s appea red in an S. M. thes is submitted by S.I. Gravi tz to the MIT A e r o -
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naut ical Engineer ing Depar tment . A more detailed repor t concerning the designing, con

s t ruc t ion , and test ing, e tc . , will be published under Contract Nnas53-7 \Z-C, Bureau of 

Aeronau t i c s , Depar tment of the Navy. 

1 6 7 TRANSIENT EFFECTS IN DISTILLATION 

Work has continued on the problems of uns teady-s ta te behavior of dist i l lat ion s y s 

tems which have been descr ibed in preceding Summary R e p o r t s . The major emphas i s has 

been on util ization of resu l t s obtained previously using Whirlwind I to understand the behav

ior of the s y s t e m s . Additional calculat ions were made when the analysis just if ied them, 

but no new p r o g r a m s were n e c e s s a r y . The bulk of the work was on batch dis t i l la t ion, and 

it has been quite fruitful. P r o g r a m s used were those for equilibration of a system, with 

holdup and for product takeoff assuming holdup finite or z e r o . 

F i r s t the batch-dis t i l la t ion operation was studied as a whole, considering the equ i l 

ibrat ion per iod as well as the takeoff period when holdupwas p resen t . Results were studied 

on the bas i s of the ra t io of product to charge , at constant values of product composi t ion . 

Calculat ions were made changing the holdup-to-charge rat io and using various combinat ions 

of " a p o r consumption in equil ibrat ion and takeoff. The f i r s t conclusion was that to obtain 

any specified product at any holdup-to-charge ra t io the re was an optimum combination of 

vapor consumption in equil ibrat ion and takeoff which resu l ted in minimizing the total vapor 

consumption. Second, the minimum consumption was l e s s , a s the holdup was l e s s . Con

sequently this conclusion would dictate the minimizat ion of the holdup in a p rac t i ca l sys t em 

(subject to the necess i ty of having some holdup). 

These r e su l t s may a l so be used to predic t approximately the optimum vapor con

sumptions for other operat ions of disti l lation sys tems with holdup. A graphical method for 

predic t ing the total vapor consumption has been developed. The optimum *'apor consump

tion in equil ibrat ion can a lso be es t imated . In genera l , it appear s that a column should be 

equi l ibra ted at total reflux at leas t until the top-vapor composit ion equals the des i r ed p rod

uct composi t ion . How much more vapor should be used in equil ibration depends on the v a r i 

ables of the sys tem. However, only with very high vapor consumptions during takeoff was 

m o r e than twice this amount of vapor required for equi l ibrat ion. 

Another phase of the investigation was concerned with studying how the vapor con

sumption during equil ibration affected the top-vapor composit ion as a function of these s y s 

tem v a r i a b l e s : holdup- to-charge ra t io , charge composit ion, relat ive volatility, and num

ber of theore t ica l p la tes . Using Whirlwind, data were obtained over a broad range of these 

v a r i a b l e s . Using these data .-long with analytical developments based on l inear equi l ibr ium 

re la t ionsh ips , a substantial understanding of this nonlinear system has been obtained. A 

method has been found for predict ing the top-vapor composition approximately, as a func-
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tion of vapor throughout. This is based primarily on the initial rates of equilibration of 

various parts of the system. Consequently it can be calculated from the initial conditions. 

This method may well be applicable in understanding and predicting the transient behavior 

of continuous distillation systems. These are the major developments. They are being 

written up by J. F. O'Donnell of the MIT Chemical Engineering Department in his Sc.D. 

thesis. 

1 7 2 OVERLAP INTEGRALS OF MOLECULAR AND CRYSTAL PHYSICS 

Since the last report it has been necessary to rewrite andextend several of the pro

grams used in the calculations. In particular, production-style programs were written and 

tested for solving two types of secular equations involving real symmetric matrices. These 

equations are the ordinary variety (Type I), 

n n 

1 H. Xjm = 2 X. E 
j = 1 U j = , jm mm' 

and the more general variety (Type II), 

n n 

2 H..X. = I S. X. E 
;_ 1 lJ jrn . , IJ jm mm 

where n is an integer from 1 to 32 and H and S are the given real symmetric matrices (S 

positive definite). The results are displayed photographically and consist of the E the 
mm' 

eigenvalues, and the X j m , the eigenvectors, subject to the normalizations: 

n n 

Type I, 2 X *X =8 and Type II, 2 X , . lS. .X., = 8 „ . 
j=l 1J J k 1K j _ f «i ij jk !k 

These programs are available for the use of any interested persons. 

A second program which was written and tested is a subroutine for punching out pro

gram-specified sections of the auxiliary magnetic drum as an edited, sum-checked binary 

tape capable of be.ng immediately read into any program-specified storage location of the 

computer. The use of such a subroutine is obviously advantageous in a calculation where 

one has intermediate data which required a long time to compute and which must be reused 

several times. This routine is being submitted to the library of subroutines. 

A third program developed is a subroutine for generating spherical Bessel functions 

of imaginary argument, namely, 

KM S W » W ̂  k n W "y/^ Kn + l/2 <X> w h e r e n = "(O 20-

t 
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A fourth and closely related subroutine essentially generates the functions A (x) 

and B (x), n = 0(1)20, which are useful in two-center molecular integral calculations and 

are only sparsely tabulated. These are defined by 

An(x)= 7 t n e - X t d . 
1 

Bn(x)= / , » . - * * . H.lf £ _ [l0(x>] 
dx 

In addition, two more programs have been written and are currently being tested. 

The first routine consists of a complete rewrite of the previous matrix-element generator 

program. The second program, which is in production style for other users, is for the 

computation of single and double integrations (Simpson's rule) of numerically given func

tions and is a basic part of one procedure of evaluating multicenter integrals. 

All of these routines have been developed by F. J. Corbato of the MIT Physics 

Department. 

1 7 9 TRANSIENT TEMPERATURE OF A BOX-TYPE BEAM 

The transient temperature and stress response of an extruded rectangular cross 

section exposed to a step function heat-flux input has been calculated by L. A. Schmit of 

the MIT Aero-Elastic and Structu.-es Research Laboratory making use of an uncoupled 

finite-difference procedure. Rft radiation and convention iosses were neglected, and the 

thermal properties of the structure were assumed constant. The calculations have been 

compared with laboratory experimental results for the first 10 seconds of exposure, and 

the agreement is considered satisfactory. The experimental results referred to here were 

obtained by Lt. F. L. Williams, USAF, and are reported in his Master's thesis for the 

Department of Aeronautical Engineering. The title of Lt. Williams' thesis is "The Com

bined Effects of High Intensity Heating and Dynamic Loading on a One Cell Box Beam." 

It should be noted that there is a chordwise variation in the heat flux. This is due 

to laboratory furnace edge effects. This chordwise variation is taken into account in the 

finite-difference solution carried out on the Whirlwind computer. An approximate analytical 

solution for the temperature response has been obtained for the special case where the 

heat flux is uniform with respect to chord and time. In the particular case under investi

gation the chordwise variation of heat flux is small, and the results obtained from the 

approximate analytical solution are in substantial agreement with the results of the finite-

difference solution. 

L\ 
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I H O CROSSCORRELATION OF BLAST-FURNACE INPUT-OUTPUT DATA 

This problem was descr ibed in Summary Report No. 38. The combined p r o g r a m 

for computing and plotting the co r re l a t ion function and its F o u r i e r t r ans fo rm has been 

completed. An es t imated Z hours of computer t ime will be required to complete tes t runs , 

after which a s u m m a r y of operat ing ins t ruc t ions will be compiled for the use of p r o g r a m 

m e r s wishing to use the progr .un . 

This work will successfully comple te the project init iated under P rob lem 108. A 

further phase of the r e s e a r c h on application of advanced stat is t ical techniques to opera t ions 

r e s e a r c h prob lems is now in i ts p re l imina ry s tages , and a future problem may be ini t ia ted 

to c a r r y out the computational phases of the work. 

This problem has been c a r r i e d out by Richard G. Mil ls , fo rmer ly studying in the 

Department of E lec t r i ca l Engineering at MIT. 

I 8 3 BLAST RESPONSE OF AIRCRAFT 

The resu l t s of numer ica l in tegra t ion of the b l a s t - r e sponse problem by Mi lne ' s 

method were found unsat is factory because of the exis tence of a discontinuity in a c c e l e r a 

tion. The formulat ion was then revised using the Runge-Kutta method. The time h i s to ry 

obtained ag ree s very well with the corresponding case computed by desk ca lcu la to rs a c 

cording to a c losed- fo rm solution for the quas i - s t eady damping c a s e . 

A p a r a m e t r i c study of peak r e sponse was made , totaling approximately 200 c a s e s . 

The basic tape was then modified to provide an automatic i n c r e a s e of peak gust ra t io to 

de te rmine the lethal gust for a given set of a i rp lane and operation p a r a m e t e r s . The c o m 

puting by WWI for de termining the lethal c r i t e r ion of two typical a i rp lanes is about to be 

completed. 

This study is being c a r r i e d out for his doctora te thesis by H. Lin of the MIT A e r o -

Elast ic and S t ruc tures Resea rch Labora to ry with the ass i s tance of Y. Shulman. 

1 8 4 SCATTERING OF ELECTRONS FROM HYDROGEN 

The calculat ions desc r ibed in the previous Summary Reports have been comple ted . 

These amounted to the evaluation of var ious two- and three-d imens iona l in tegra ls which 

a r o s e in the calculat ion of the differential ampl i tudes for elastic sca t te r ing of low-energy 

e lec t rons from monatomic hydrogen taking into account polarizat ion and exchange. The 

resu l t s have been p resen ted in the thes i s of Maur ice Newstein which has been submitted to 

the Physics Department at MIT in par t ia l fulfillment of the requ i rements for the degree of 

Ph . D. They will a l so appear as a final r epo r t for the Commit tee on Machine Methods oi 

Computation at MIT. Also it is planned to submit port ions of the thes is to be published as 

an a r t i c l e in the Phys ica l Review. 
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1 8 9 DISTRIBUTION O F GUSTINESS IN THE F R E E ATMOSPHERE 

The f i rs t probabil i ty d is t r ibut ion of gus t i nes s can be obtained from the spec t rum of 

the radar signal re turned by clouds or prec ip i ta t ion . These meteoro logica l developments 

a r e being used essent ia l ly as t r a c e r s of the a t m o s p h e r i c mot ions . 

The spec t rum was computed from the au tocor re l a t ion function through a p rog ram 

devised by Douglas R o s s . Six example s of such spec t r a were obtained, all of which were 

en t i re ly sa t i s fac tory . 

This study is being c a r r i e d out by A. F l e i s c h e r of the MIT Pro jec t on Weather 

Radar R e s e a r c h . 

1 9 0 /.EEMAN AND STARK E F F E C T IN POSITRONIUM 

The computat ions in this p r o b l e m , repor ted as being completed in Summary Report 

No. 39, actually extended over into tne beginning of this per iod . A detai led repor t was 

given in Summary Repor t No. 39 by H. W, Kendall of the MIT Radioactivity Group. 

1 9 1 EARTHQUAKE EPICENTER LOCATION BY GEIGER'S METHOD 

Ge ige r ' s method of locating an ear thquake uses a r r i v a l t imes of e las t ic waves at 

t h ree or m o r e observing s ta t ions . The method is bas ica l ly a l e a s t - s q u a r e p rocess of fitting 

observed data to previously obtained empi r i ca l t r a v e l - t i m e c u r v e s . This method has been 

mechanized, for an example using eight observ ing s ta t ions , as a par t of D. R. G r i n e ' s 

S. M. thes is (Depar tment of Geology and Geophysics , September 1954). 

The p rog ram i t e r a t e s G e i g e r ' s method until c o r r e c t i o n s to ear thquake location a r e 

s m a l l e r than inherent e r r o r s in the observed da ta . 

A genera l iza t ion of the p r o g r a m is to be wri t ten for publication at a l a t e r da te . 

1 9 4 AN AUGMENTED PLANE WAVE METHOD AS APPLIED TO SODIUM 

Summary Report No. 38 out l ined the p rob lem of reducing the o r d e r of the secu la r 

equation for energy leve ls in solids by f i rs t making proper l inear combinat ions of the wave 

functions so that they a r e broken down into i r r e d u c i b l e subspaces . 

Mr. M. M. Saffren of the Solid State and Molecu la r Theory Group at MIT has wri t ten 

and par t ia l ly tes ted a p rog ram which chooses t h e s e l inear combinat ions of wave functions 

as a function of the reduced wave v e c t o r of these wave functions and the i r reduc ib le sub-

space to which these l inear combinat ions a re to be long. When wave functions belong to the 

same o rde r of neighbor in r ec ip roca l space and a r e made into severa l l inear combinat ions 

there is always a possibi l i ty that not al l these combinat ions a r e l inear ly independent. This 

is ex t remely t roub lesome in the solut ion of the s e c u l a r equation so the p rogram has been 

25 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



MATHEMATICS, CODING, AND APPLICATIONS 

provided with the facility of d i s regard ing l inearly dependent solutions. The p r o g r a m has 

the additional feature of being able to choose the l inear combination with the leas t number 

of nonzero coefficients if all that is des i red is a l inear combination which takes functions 

into an i r r educ ib le subspace without considerat ion of how basis functions a r e chosen in that 

space . This fea ture is a valuable one when the t ime for formation of the ma t r ix e l e m e n t s 

between these l inear combinat ions is strongly dependent on the number of nonzero m e m b e r s 

in the combinat ions . 

The p r o g r a m opera tes by picking up a wave vector from magne t i c -core m e m o r y 

and then finding the subgroup which belongs to this wave vec tor . The subgroup is coded in 

th ree WWI w o r d s . The p r o g r a m then picks up the s imple code words which tell into what 

bas is function of which i r r educ ib le subspace the l inear combination of wave functions is to 

go. If no bas i s function is specified the p rog ram chooses the minimal l inear combinat ion 

for the subspace . The resul t is six WWI words which a r e then fed into a ma t r ix -gene ra t ion 

and diagonalization routine (developed by Dr . Howarth under Prob lem 147). Final ly the 

p rog ram picks up a s e r i e s of reciprocal lat t ice vec to r s each of which c h a r a c t e r i z e s a 

different o r d e r of neighbor and genera tes all the different rec iproca l lat t ice vec to r s for 

each o rde r of neighbor. These vectors a r e then p rocessed so that only rec iproca l la t t ice 

vec to r s which cannot be obtained from one another by operat ions of the original wave-vec tor 

group appear . This e n s u r e s against a secular equation with rank lower than o r d e r . These 

rec iproca l lat t ice vec tors a r e then fed into the mat r ix -genera t ion and diagonalization routine 

and this routine is en te red . 

It should be mentioned that Mr . Saffren's routine can, at the moment , only be 

appl iedto solids which a r e f a c e - or body-centered c r y s t a l s . This is because Dr. Howar th ' s 

routine applied only to such c r y s t a l s . 

More de ta i l s regarding the theory of the calculation can be found in the Q u a r t e r l y 

P r o g r e s s Repor t s , Solid State and Molecular Theory Group, MIT. 

1 9 5 INTESTINAL MOTILITY 

A study of the effect of radiation upon the gas t ro in tes t ina l t r ac t of rabbits is being 

c a r r i e d out for Dr. J . T. F a r r a r of the Gast roenterological Section of the Evans Memor ia l 

Hospital by Miss D. Hamilton of the MIT Servomechanisms Labora tory . 

During this period s eve ra l runs were made , but the main effort has been to p r o g r a m 

a routine for plotting resu l t s and to use techniques which reduce truncation e r r o r s in the 

Four i e r t rans format ion . Since difficulties a r o s e with the automat ic scope routine, specia l 

scope routines a r e being developed. 

The au tocor re la t ions and the Four i e r t r ans fo rms cited above use p r o g r a m s deve l 

oped under P rob l em 107. The scope routine for plotting and the techniques for reducing 

''• 

MATHEMATICS, CODING, AND APPLICATIONS 

truncation e r r o r s were developed under P rob l em 171. These p rob lems have been desc r ibed 

by Douglas Ross in previous r e p o r t s under the i r respect ive problem n u m b e r s . 

1 9 9 LAMINAR BOUNDARY LAYER OF A STEADY. COMPRESSIBLE 
FLOW IN THE ENTRANCE REGION OF A TUBE 

In connection with r e s e a r c h on hea t - t r ans fe r coefficients, r ecovery fac tors , and 

fraction coefficients for supersonic flow of a i r in a tube, a theoret ica l invest igat ion of the 

c h a r a c t e r i s t i c s of the laminar boundary layer in the entrance region has been c a r r i e d out 

by Dr. T . Y. Toon^ of the MIT Mechanical Engineering Depar tment . P a r t i a l differential 

equations of continuity, momentum, and energy were developed for the boundary l aye r . 

These w e r e then t ransformed into a se r i e s of ord inary differential equations to be solved 

by WWI for several en t rance Mach numbers and the rma l conditions at the tube wall.. 

F i r s t , solutions are to be obtained for the case of constant v iscos i ty and the rma l 

conductivity. Then, the effects of t empera tu re dependence of these p rope r t i e s are to be 

studied. 

Solutions of the second se t of differential equations for the case of constant v i s 

cosity and thermal conductivity have been obtained for six c a s e s of different en t rance 

Mach n u m b e r s and the rmal conditions at the tube wall. This r e p r e s e n t s another 15% of 

the ent i re job to be done by WWI. 

Work is being done to solve the third set of differential equations cor responding to 

two of the six cases mentioned above . 

2 0 0 A STUDY OF RECURRENT EVENTS 

The investigation of var ious digital methods for identifying one of two poss ible 

Bernouilli sequences has been completed. This work has been done by Miss B. Jensen for 

Dr. G. P . Dineen, both of the Lincoln Labora tory at MIT. 

Although var ious methods were tr ied in o rde r to de termine the mos t efficient m e t h 

od, no r igorous optimization scheme was c a r r i e d out. The use of " s u c c e s s runs" and 

their r e c u r r e n c e t imes a s a m e a n s of dist inguishing a Bernouill i sequence with high p r o b 

ability has been invest igated using compute r -genera ted sequences . A s i m i l a r study for 

moving ave rage de tec tors was a l so c a r r i e d out. The use of Whirlwind I made possible the 

acquisi t ion of a large amount of numer ica l data on these de tec to r s . 

1. F e l l e r , W. , Probabil i ty Theory and Its Applicat ions, Wiley, New York, 1950. 
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2 0 1 STUDY OF THE AMMONIA MOLECULE 

Since the last repor t the se l f -cons is ten t field solut ions for the ammonia molecule 

have been computed. F r o m these , orb i ta l s which r e p r e s e n t the ground state of the m o l e 

cule have been cons t ruc ted . These , in addition to the exci ted wave functions for the m o l 

ecule , will be used to get the best approximat ion to the wave function of this molecule within 

the approximat ions used . The in te rac t ion of the lowest s ta te and the exci ted s ta te will give 

r i se to a ma t r ix of in te rac t ion . The diagonalization of this ma t r ix will be c a r r i e d out on 

Whirlwind through the use of a p r o g r a m writ ten by Alvin Meckler and improved by F . Cor -

bato of the Solid State and Molecular Theory Group at MIT. The calcula t ion of the m a t r i x 

of in terac t ion is now in p r o g r e s s . 

2 0 3 RESPONSE OF A FIVE-STORY FRAME BUILDING UNDER DYNAMIC LOADING 

The f ive-s tory building has been approximated by a sys tem of five m a s s points 

( r ep resen t ing the floors) connected by nonl inear acting spr ings {simulating the building 

co lumns) . This represen ta t ion of a building f rame is conventional for f r a m e s with stiff 

f loors so that any failure will occur in the co lumns . F o r f r a m e s up to five s t o r i e s high it 

s e e m s to be a good approximation and resu l t s in equat ions which a r e readi ly adaptable to 

numer i ca l calculat ion. 

The equation descr ib ing the motion of a m a s s point i s : 

m y (t ) = P(t ) Y + R . - R s ' s * n ' v n ' s s+1 s 

where 

m • m a s s s 
s 

y = horizontal d isplacement of m a s s s 

y a acce le ra t ion of m a s s s 

P(t ) = load at t ime t ( impulse) 

Y = loading constant for m a s s s 

R . = r e s i s t ance of spr ing above m a s s s 

R = r e s i s t ance of spr ing below m a s s s 

The loading is calculated from p r e s s u r e s d e t e r m i n e d from the actual ana lys i s of a 
f ive-s tory building under dynamic loading. 

To find the value of the r e s i s t a n c e of any spr ing s at any t ime t it is n e c e s s a r y to 

calcula te an a s sumed e las t ic value of the r e s i s t ance and then c o m p a r e this value with the 

max imum possible spr ing r e s i s t ance at this t ime . These max imum va lues of the spring 

r e s i s t a n c e at va r ious t imes a r e known in advance and a r e included in the p r o g r a m as a 

1H 

MATHEMATICS, CODING, AND APPLICATIONS 

s e r i e s of cons tan t s . The res i s t ance calculation is based on the previous value of the 

r e s i s t ance and the change in the re la t ive d isp lacements of the two m a s s e s adjacent to the 

spr ing. There fore : 

R V ) • R (t ,) + K . fa ,(t ) - a ,(t ,)1 
s v n ' s x n - l ' s l [ s . s - l ' n s . s - P n - 1 ' J 

l*.Vl s(max)v n' 

R (t ) = value of the res i s tance at t ime (t ) s v n v n ' 

R ( l i) = previous value of the res i s t ance 

K - = slope of the equation rela t ing Q and R in the l inear range (for spr ing s) 

a ,(t ) = relat ive deflection of m a s s s with respec t to mass s-1 at time (i ) 

R / »(t ) = maximum value of the spring r e s i s t a n c e of spring s at t ime t 

This p rocedure allows for increas ing or decreas ing re la t ive deflections which may r e su l t 

in ei ther posi t ive or negative values of the r e s i s t ance . One disadvantage of the procedure 

is that e r r o r s in the value of R (t ) tend to accumula te . For this problem this disadvantage 

will not resu l t in obvious e r r o r s . 

For the integrat ion of the five nonlinear s econd -o rde r differential equations, the 

second difference equation, 

(At)2 y (t ) = y (t .) - 2y (t ) + y (t . ) , * ' ' s n' ' sx n + 1' 7 s v n ' • ' n - 1 ' 

i s used. 

To check the p r o g r a m , simplif ications were in t roduced in the original p rogram and 

the response of a t h r e e - s t o r y frame building was de t e rmined . These r e su l t s checked ve ry 

well with a hand calculation and also compared favorably with exper imenta l r e su l t s . The 

f ive-s tory f rame has been analyzed under two s imi la r loading conditions and has produced 

r e s u l t s which ag ree ra ther c losely with a ve ry e labora te hand calculation. 

The p r o g r a m is now being modified slightly to include the effect of ver t ica l load 

plus dead load. It is hoped that this refinement will help in producing r e su l t s even c lose r 

to those achieved in the hand ana lys i s . The handling of the loading constants is also being 

modified to smooth out the data, pa r t i cu la r ly in the neighborhood of sharp changes in s lope . 

The modified p r o g r a m will then be used to de termine the response of the f ive - s to ry building 

for about 30 different loading condit ions. 

This study is being c a r r i e d out by C. W. Johnson of the MIT Depar tment of Civil 

and Sanitary Engineer ing . 
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2 0 4 EXCHANGE INTEGRALS BETWEEN REAL SLATER ORBITALS 

The purpose of Prob lem 204 is the computation of exchange in tegra ls between S la te r 

a tomic orb i ta l s located on two separa te c e n t e r s . The p rogram designed to accompl i sh this 

can, with slight modificat ions, be general ized to give two-center hybrid and Coulomb in t e 

g ra l s as well as exchange in t eg ra l s . The efficiency with which these ext ra t a sks can be 

accomplished by use of the p rog ram is dubious. However, this genera l iza t ion has been 

incorpora ted . The p rogram has been coded in i t s en t i re ty . The tapes have been p r e p a r e d 

and the test ing p rocedure ini t iated. 

The computat ion of one of the auxil iary functions, 

(fell x)= JVe-^dy, 
x 

is expected to introduce additional difficulties resul t ing from cancel la t ion e r r o r s in the 

generat ion of the functions. Since P . Mer ryman has d iscovered that this function can be 

evaluated {in the des i red range) as the quotient of two se r i e s of posit ive t e r m s , this diffi-

cu l ty - - i f it does a p p e a r - - i s not expected to prove insurmountab le . 

This work is being c a r r i e d out by P . M e r r y m a n under the direct ion of P r o f e s s o r s 

Mulliken and Roothaan of the Universi ty of Chicago Physics Depar tment . 

2 0 8 INTERCEPTOR FLIGHT-CONTROL PROBLEM 

This p rob lem on in te rcep tor flight control was descr ibed in the las t S u m m a r y Repor t 

as a sys tem of 16 nonlinear differential equations and was solved using the Gill method, an 

adaptation of the Runge-Kutta four th -order p rocedure . 

The sys t em was var ied in this qua r t e r , a new equation subst i tuted, and a constant 

changed to give a sys tem of 13 differential equat ions . Two solutions of th is s y s t e m w e r e 

run on Whirlwind using CS II. The stability of one solution and the instabi l i ty of the o ther 

demons t ra ted the sensit ivity of the whole sys tem. 

This r e p r e s e n t s the end of the digital computer phase of this p rob lem. The solution 

was c a r r i e d out by M. Merwin of the MIT Dynamic Analysis and Control L a b o r a t o r y . 

2 0 9 NUMERICAL SOLUTION OF HOMOGENEOUS LINEAR DIFFERENTIAL 
EQUATIONS WITH QUADRATIC POLYNOMIAL COEFFICIENTS 

This p rob lem was se lec ted by Dr. J . C. P . Mi l le r of Cambridge Univers i ty , C a m 

br idge , England, as one that not only would provide a genera l ly useful and i n t e r e s t i ng 

routine but could be completed during his brief vis i t at the Digital Computer L a b o r a t o r y . 

The method of solution makes use of a r e c u r r e n c e relat ion for t e r m s in the Taylor 

expansion. A detai led discuss ion may be found in Summary Repor t No. 39. 
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During the q u a r t e r a few more tes t runs were completed, and the problem has t e r 

mina ted . 

2 1 0 RESIDUE INDICES AND PRIMITIVE ROOTS 

This p rob lem was a l so selected by Dr. J . C. P . Mil ler of Cambridge Univers i ty , 

Cambr idge , England, to be coded on W WI during his brief vis i t . The problem is a fami l 

i a r one: given a p r i m e p and a small in teger a, de t e rmine the l eas t e such that a - 1 i s a 

mult iple of p . 

The numer i ca l p r o c e d u r e selected was to de te rmine from r. = a mod p, r. . = a r . . 

This was then divided by p to give | r . |<-j-p, This was tes ted for +1 and the p r o c e s s 

repea ted , counting the number of repe t i t ions . 

D r . Mil ler plans to code this p rob lem for five or six compu te r s a s par t of a c o m 

par i son t es t of speed and capab i l i t i e s . The coding on WWI was completed before Dr . 

M i l l e r ' s r e tu rn to England. 

2 1 1 SERVO RESPONSE TO A COSINE PULSE 

This p rob lem was concerned with extending the cu rves in F igure 25-16, p . 705 of 

I n s t rumen t Engineer ing , Volume II, by Draper , McKay, and L e e s . Work on this problem 

has been comple ted . The r e s u l t s have been plotted and a re being cons idered for inclusion 

in Volume III of the above-ment ioned book. The or iginal problem was to find numer ica l ly the 

m a x i m u m re sponse x(t) for s o m e p a r a m e t e r pa i r s ( £ , T / T | 0 . 0 1 < J < 5 , 0 .1 ^ T r / T 

< 10 in the equation 

( l / w n Y x + ( 2 ^ / w n ) x + * = G(t), 

where T = 2 7r/w , x = dx/dt , x = d x/dt , and where G(t) • 1/2 fl-cos(27Tt/T )1 for 0 < t 
n n P 

< T , and G(t) • 0 for t > T . As work p r o g r e s s e d on this problem it was decided a lso to 

t r e a t in the same m a n n e r the s i m i l a r p rob lem cor responding to 

G(t) = 1 / 2 [ 1-cos (2TTt/Tp) + 2 £ ( T n / T p ) sin w p ( ] 

for 0 < t < T , and G(t) = 0 for t > T . 
r p 

Coding of the problem using the CS II sys tem was accomplished by Dr. J. M. Stark 

of the MIT Ins t rumenta t ion Labora to ry . Application of the curves obtained is descr ibed in 

the above-ment ioned re fe rence . 
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2 1 2 DISPERSION CURVES FOR SEISMIC WAVES: MULTILAYERED MEDIA 

A p rog ram has been wri t ten which ca lcula tes d ispers ion cu rves for sur face s e i smic 

(Rayleigh) waves on mul t i l ayered media . The calculat ion follows that outlined by Haskel l 

("The Dispers ion of Surface Waves on Mult i layered Med ia , " N. A. Haskel l , Bui . S e i s m o -

logical Society of A m e r i c a , V. 43 , No. 1, January 1955, pp 17-34). The only difference i s 

that, r a t he r than assuming a phase velocity and i tera t ing to find a wave number , the r e v e r s e 

p rocedure i s followed to avoid difficulties which would a r i s e at a phase -ve loc i ty m i n i m u m . 

The p r o g r a m has been wri t ten for as many as five l a y e r s . When the main body of the p r o 

gram is working p roper ly , a routine will be added to differentiate the resu l t s numer i ca l l y 

in o r d e r to obtain the group ve loc i t ies . 

This work is being c a r r i e d out by K. Vozoff of the Department of Geology and Geo

physics in par t ia l fulfillment of the r equ i r emen t s for the degree of Ph. D. 

2 1 3 INDUSTRIAL PROCESS CONTROL STUDIES 

The Machine Design Division of the Mechanical Engineering Depar tment is engaged 

in de te rmining the c h a r a c t e r i s t i c s of a physical sys tem or process from the random fluctu

ations in the input and output r e c o r d s during the normal course of operation of the sys tem 

or p r o c e s s . The idea has been developed by T. P . Goodman, C. M. Chang, and J . B. 

Reswick from work done by N. Wiener, A. Tust in, and Y. W. Lee and has been found to be 

promis ing in its applicat ions both to l inear sys t ems and to some nonlinear s y s t e m s under 

actual opera t ion in indus t ry . It i s believed to have ce r t a in advantages over the conventional 

approaches ( e . g . , s tep and frequency r e sponses ) . 

It may be shown that ce r ta in s ta t i s t ica l functions of the random data (the auto- and 

c r o s s c o r r e l a t i o n s ) bea r the same re la t ionship with each other as the random input and 

output t h e m s e l v e s . Since these s ta t i s t ica l functions possess many des i rab le p r o p e r t i e s 

that the random functions themse lves do not have, they a re used for the de te rmina t ion of 

the sys tem c h a r a c t e r i s t i c s . The computat ion of these stat is t ical functions is hence a mos t 

essen t ia l s tep in the cu r r en t invest igat ion. Such computations involve a g rea t number of 

success ive mult ipl icat ions and averaging and can be done most readi ly on an automat ic 

compute r . 

In the past 3 months , some explora tory work on the new technique was done. Sta

t is t ical functions on data taken from a real flow system and some ar t i f ic ia l s y s t e m s were 

computed. These functions, after ana lys i s , gave sys tem cha rac t e r i s t i c s which compared 

very favorably with the sys tem c h a r a c t e r i s t i c s obtained by the conventional approach . The 

essen t ia l r e su l t s a r e repor ted by C. M. Chang in his Mechanical Eng inee r ' s t he s i s , enti t led 

"A New Technique of Determining System C h a r a c t e r i s t i c s from Normal Random Operat ing 
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R e c o r d s . " 

Efforts will be continued in much the same direct ion in the nea r future. A r r a n g e 

men t s have been made with some industr ia l concerns so that data on actual indust r ia l s y s 

t ems can be taken in their p lan t s . The s ta t i s t ica l functions can then be computed and ana 

lyzed and the system c h a r a c t e r i s t i c s de te rmined . It is hoped that with further exper ience 

and study many of the p r e s e n t difficulties can be solved and new light will be shed on the 

c h a r a c t e r i s t i c s of industr ia l p r o c e s s e s , 

2 1 4 INTERVAL DISTRIBUTION 

This problem a rose in the textile indus t ry . A suitable dis t r ibut ion for the " s l u b s " 

or thickenings on an ar t i f ic ia l yarn was needed. The one suggested, which could be p r o 

duced by a s imple mechan ism, was this: Take a s e r i e s of events occur r ing at r egu la r in 

t e rva l s a and delay each event in a random manner , the delays being d is t r ibu ted about a 

cer ta in mean in a gaussian way. 

The problem is to calculate the distribution of the in te rva ls between success ive 

events produced in this way. The method was the Monte Car lo one of making a long s e r i e s 

of events in the p resc r ibed manner and calculating the in te rva l d is t r ibut ion. There was no 

loss in genera l i ty in taking the mean delay as zero (since it is i r re levan t ) and the s tandard 

deviation of the delays as 1. The only p a r a m e t e r is then a, the original in te rva l . 

F o r l a rge a, the in te rva l dis t r ibut ion itself is n o r m a l , because the sequence of 

events is a lmos t never d is turbed by the random deviation. For small a, the dis t r ibut ion is 

like that of a Poisson d is t r ibut ion , except that for la rge in te rva l s it decays as a gauss ian 

dis t r ibut ion does . The in te rva l s are not uncor re la ted , however . The in te res t ing region to 

invest igate is that around a= 1 in which the distribution changes from one kind to the o ther . 

To produce the random normal devia tes , uniformly dis t r ibuted random n u m b e r s 

were added. The difference equation a , . = a + a , (mod 1) produces such n u m b e r s . 
' n+1 n n-1 * ' r 

These s e r i e s were calculated double length to reduce the dangers of a periodic solution. 

Twelve successive values were added, and, after subtract ing the mean, which is 6, 

a reasonably good approximation to a normal deviate with s tandard deviation 1 should be ob

tained. This distribution was tes ted by distr ibut ing into ce l l s of width 1/4 in the range -2 

to t 2 four runs of 10,000 c a s e s . A count of c a s e s falling outside the range was kept as a 

check. The r e su l t s were sa t i s fac tory . 

Having the spacing a and random deviates v. v , v , , the i n t e rva l s , if the sequence 

were p r e s e r v e d , would be a + v . " v i * a + v , - v ? , e tc . However, some of these would ap 

p e a r negat ive, because the sequence is a l t e red . We therefore keep the last ten in te rva l s in 

case the next event falls somewhere in this region. 

Suppose three success ive in te rva ls a re i . , i_, i , and i , is negat ive . Then t r a n s -
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p o s i n g t h e t w o e v e n t s of w h i c h i , i s t h e i n t e r v a l g i v e s t h e n e w i n t e r v a l s i j + i^ , - i ^ . 13 + l j » 

If t h e t e n i n t e r v a l s k e p t h a v e b e e n " s o r t e d " a n d a r e p o s i t i v e , w h e n t h e n e x t i n t e r v a l 

i s f o u n d , if i t i s n e g a t i v e , t h e t r a n s p o s i t i o n p r o c e s s , c a r r i e d d o w n t h e s e r i e s of i n t e r v a l s , 

w i l l e v e n t u a l l y m a k e t h e m p o s i t i v e . If, h o w e v e r , t h e l a s t i n t e r v a l s t o r e d w e r e t o t u r n o u t 

n e g a t i v e , t h e p r o c e s s w o u l d h a v e f a i l e d b e c a u s e m o r e t h a n t e n s h o u l d h a v e b e e n s t o r e d . 

A s a n e w i n t e r v a l i s a d d e d t o t h e s e r i e s of t e n , t h e o l d e s t m e m b e r of t h e s e r i e s i s 

a d d e d t o t h e d i s t r i b u t i o n a n d d i s c a r d e d . 

F o r t h i s p r o b l e m , c e l l s of w i d t h l / 4 b e t w e e n t h e r a n g e s 0 a n d 8 w e r e u s e d , a n d , a s 

a c h e c k , a c o u n t w a s k e p t of i n t e r v a l s g r e a t e r t h a n 8 a n d a p p a r e n t l y n e g a t i v e i n t e r v a l s , 

t h o u g h in f a c t n o n e w e r e f o u n d . 

T w o r u n s f o r e a c h of t h e v a l u e s a = 1 . 0 , a = 1 . 5 , a = Z. 0 w e r e d o n e , w i t h 10 , 0 0 0 

i n t e r v a l s in e a c h . B e f o r e b e g i n n i n g t o a c c u m u l a t e t he d i s t r i b u t i o n , 20 i n t e r v a l s w e r e c a l 

c u l a t e d t o f i l l t h e s t o r e of i n t e r v a l s p r o p e r l y . 

T h e r e s u l t s w e r e t r e a t e d l i k e e x p e r i m e n t a l r e s u l t s a n d v h e n p l o t t e d g a v e s m o o t h 

c u r v e s . 

T h i s s t u d y w a s c a r r i e d o u t by D. W. D a v i e s of t he N a t i o n a l P h y s i c a l L a b o r a t o r y , 

T e d d i n g t o n , E n g l a n d . 

. 2 1 5 P L A N T S U R V E Y S BY S T A T I S T I C A L M E T H O D S 

T h e a p p l i c a t i o n of a u t o m a t i c f e e d b a c k c o n t r o l t o e x i s t i n g i n d u s t r i a l h e a t t r a n s f e r 

p r o c e s s e s r e q u i r e s k n o w l e d g e of t h e t r a n s f e r f u n c t i o n of t h e p r o c e s s . S u c h t r a n s f e r f u n c 

t i o n s a r e o r d i n a r i l y d e t e r m i n e d by o b s e r v i n g t h e r e s p o n s e of t h e p r o c e s s t o a s i n u s o i d a l 

v a r i a t i o n of i t s i n p u t v a r i a b l e . T h e a i m of t h e p r e s e n t s t u d y by S . M a r g o l i s of M I T ' s R e 

s e a r c h L a b o r a t o r y of E l e c t r o n i c s i s t o p e r f e c t m e t h o d s fo r d e t e r m i n i n g t r a n s f e r f u n c t i o n s 

f r o m f o r m a l o p e r a t i n g r e c o r d s w i t h o u t i n t r o d u c i n g a n y v a r i a t i o n s i n t h e i n p u t v a r i a b l e o t h e r 

t h a n t h e r a n d o m f l u c t u a t i o n s a l r e a d y e x i s t i n g . 

A s m a l l h e a t e x c h a n g e r i n s t a l l e d in t h e P r o c e s s C o n t r o l L a b o r a t o r y of t h e E l e c t r i 

c a l E n g i n e e r i n g D e p a r t m e n t h a s b e e n u s e d f o r e x p e r i m e n t a l s t u d i e s . R a n d o m f l u c t u a t i o n s 

of t h e i n p u t a n d o u t p u t v a r i a b l e s w e r e r e c o r d e d on a S a n b o r n T w o - C h a n n e l R e c o r d e r . T h i s 

d a t a w a s r e d u c e d m a n u a l l y t o n u m e r i c a l f o r m . T h e a u t o c o r r e l a t i o n f u n c t i o n of t he i n p u t a n d 

the c r o s s c o r r e l a t i o n b e t w e e n i n p u t a n d o u t p u t w e r e c o m p u t e d by W h i r l w i n d I f o r t w o s e p a r 

a t e s e t s of d a t a , u s i n g r o u t i n e s d e v e l o p e d by D . T . R o s s of t h e S e r v o m e c h a n i s m s L a b o r a 

t o r y . T h e t r a n s f e r f u n c t i o n s d e t e r m i n e d f r o m t h e c o r r e l a t i o n f u n c t i o n s a g r e e w i t h t h o s e 

d e t e r m i n e d by s u b j e c t i n g t h e s y s t e m t o s i n u s o i d a l v a r i a t i o n s . 

2 1 6 U L T R A S O N I C D E L A Y L I N E S 

T h i s p r o b l e m w a s u n d e r t a k e n in c o o p e r a t i o n w i t h t he A r e n b e r g U l t r a s o n i c L a b o r a -
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t o r y b e c a u s e of t he i m p o r t a n c e of the r e s u l t s fo r M I T ' s L i n c o l n L a b o r a t o r y . T h e p r o b l e m 

i s c o n c e r n e d w i t h t h e o p t i m u m d e s i g n of an u l t r a s o t . i c d e l a y l i n e . 

F o r t h e o p t i m u m p a c k i n g of m i c r o s e c o n d s d e l a y p e r c u b i c i n c h , r a d i a l o r " a s t e r i -

a t e d " s y m m e t r y p a t h s a r e u s e d . T h i s d e s i g n w a s d e v e l o p e d by the w o r k e r s of t he B u r e a u 

of A e r o n a u t i c s of t h e U . S . N a v y . T h e s e d e s i g n s h a v e g i v e n w a y to MS o r " M u l t i p l e S y m 

m e t r y " d e s i g n s w h e r e m a n y of t he r e g u l a r f a c e t s a r e t i l t e d . 

A r o u t i n e h a s b e e n d e v e l o p e d f o r W WI t h a t w i l l s e l e c t by i t e r a t i o n a n o p t i m u m s e t of 

r a d i i f o r s u c h d e s i g n s . 

2 1 7 V A R I A T I O N - P E R T U R B A T I O N O F A T O M I C W A V E F U N C T I O N S A N D E N E R G I E S 

T h e w a v e f u n c t i o n s a n d e n e r g i e s f o r l o w - l y i n g s t a t i o n a r y s t a t e s of h e l i u m t h r o u g h 

n e o n a n d t h e i r i s o e l e c t r i c s e r i e s h a v e b e e n c a l c u l a t e d a p p r o x i m a t e l y f r o m a v a r i a t i o n a l 

m e t h o d . T h e m e t h o d c o n s i s t s of m i n i m i z i n g t h e i n t e g r a l 

E = / > H l/fdt (1) 

w h e r e H i s t h e H a m i l t o n i a n of t he s y s t e m a n d t i n c l u d e s a l l s p a t i a l a n d s p i n c o o r d i n a t e s . 

\j/, t h e t r i a l w a v e f u n c t i o n , i s a p r o p e r l y n o r m a l i z e d l i n e a r c o m b i n a t i o n of d e t e r m i n a n t a l 

f u n c t i o n s w h o s e c o m p o n e n t s a r e h y d r o g e n - l i k e . T h e n u c l e a r c h a r g e in t h e h y d r o g e n - l i k e 

f u n c t i o n s i s r e p l a c e d by v a r i a t i o n a l p a r a m e t e r s . 

T h e i n t e g r a t i o n i n ( l ) m a y be c a r r i e d o u t a n a l y t i c a l l y l e a v i n g E a s a n a l g e b r a i c f u n c 

t i o n of t h e v a r i a t i o n a l p a r a m e t e r s and r e d u c i n g t h e p r o b l e m t o o n e of f i n d i n g t h e m i n i m u m 

of a r a t h e r c o m p l e x e x p r e s s i o n . 

A p r o g r a m fo r W h i r l w i n d I, w h i c h c o m p u t e s t h e b e s t w a v e f u n c t i o n s fo r a n y a t o m 

c o n t a i n i n g I s , 2p , a n d 2s o r b i t a l s , h a s a l m o s t b e e n c o m p l e t e d . I t wi l l p r o b a b l y be e x t e n d e d 

s h o r t l y t o i n c l u d e t h e 3s a n d s p o r b i t a l s . T h e e x t r e m u m f o r E i s found by e x p a n d i n g i t in 

a T a y l o r ' s s e r i e s to s e c o n d o r d e r a b o u t a p o i n t a s s u m e d to l i e n e a r t h e e x t r e m e p o i n t , dif

f e r e n t i a t i n g t h e s e r i e s wi th r e s p e c t to t h e p a r a m e t e r i n c r e m e n t s , a n d s o l v i n g the r e s u l t i n g 

s e r i e s of l i n e a r i n h o m o g e n e o u s e q u a t i o n s f o r t he c o o r d i n a t e s of t h e e x t r e m e p o i n t r e l a t i v e 

to t h e z e r o p o i n t of t h e T a y l o r e x p a n s i o n . 

A f t e r t h e i n i t i a l v a r i a t i o n a l t r e a t m e n t , t h e w a v e f u n c t i o n s o b t a i n e d c a n be i m p r o v e d 

by a d d i n g t o t h e m a l i n e a r c o m b i n a t i o n of c o r r e c t i o n t e r m s s i m i l a r in s t r u c t u r e but c o r r e -
2 

s p o n d i n g to h i g h e r e x c i t e d s t a t e s . 

dr ^ \\, + y d 
C o r r e c t e d v a r i a t i o n a l i i 

1. M o r s e , P . M . , Young, L . A . , H a u r w i t z , E . S . , P h y s i c a l R e v i e w 4 8 , 9 4 8 ( 1 9 3 5 ) 

2. Y i l m a z , H . , P h . D . T h e s i s ( u n p u b l i s h e d ) , M I T P h y s i c s D e p a r t m e n t ( 1 9 5 4 ) 

ss 
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The c.'s are determined by first-order perturbation theory. In cases where the 0. contain 

parameters not already fixed by the first variation, a second variation involving the unfixed 

parameters is carried out. 

Several of these perturbation corrections involving the (Is )'s and (ls2p) p, p con

figurations of helium have been carried out on Whirlwind by Arnold Tubis of the MIT Physics 

Department. The results are discussed in Quarterly Progress Report No. 14 of the Pro-

jecton Machine Methods of Computation and Numerical Analysis, MIT, December 15, 1954. 

The work on these perturbation corrections is being continuedat present. It has been found 

that both the variation and perturbation calculations may be broken down into well defined 

subroutines which greatly facilitate the programming. 

2 1 8 TRANSFORMATION OF INTEGRALS FOR DIATOMIC MOLECULES 

Eigenvalue equations are frequently encountered of the form 

[H]X . \ [ s ]x , (i) 

where ĤJ is Hermitianand Is] is real, symmetric, and positive definite. Standard meth

ods based upon successive orthogonal or unitary transformations can be applied to solve 

equations 
[H1] Y • XIY, (2) 

where I is the unit matrix. To convert equations (I) into this form by the Schmidt process, 

a lower triangular matrix |M 1 is constructed which has the property 

[M] [s] [a] . i. (3) 

Here a tilde (~) denotes a transposed matrix. Applying transformation (3), equations (1) 

are reduced to the form (Z) with 

["•] • MMfa l (4) 
and X • [ M ] Y. (5) 

Whirlwind programs have been coded which construct [ M J from a given positive-

definite matrix [ sj of arbitrary dimension n x n and carry out the transformations (4) and 

(5) for any real symmetric n x n matrix I H I and n-vector Y. 

Given [sj , the Schmidt matrix [ M ] is constructed as a product of triangular ma-

[ M ] . [»•]... [»>] 

)6 
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The matrix . , r . - - , , - , , 

[sm]= [ B - 1 ] . . . [B1] [S] [B1] ...£»-'] 
has the unit matrix I as its upper left-hand submatrix of order (m - 1) . The rem.lin

ing elements are in general nonzero. The well-known Schmidt orthonormalization process, 

applied to the basis vectors of IS 1 , normalizes the vector of index m and makes it orth

ogonal to all vectors with indices 1 m - 1. Vectors of index lower than m are not af

fected bylB I, which is defined by 

B - 8 - ; i,i < m o r i . i > m 
ij u lj -' J 

B in rt Hi _ . in . 

= -S B ; i < 
mj mj mm J 

m,2-| -1/2 
mj 2 <sm/V]' 

The independent elements of the symmetric matrix S are stored in lower triangle 

form, i . e . , in the order S. . S,, S , , S,, S „ S, , , etc. The pru^ram which constructs M 

is arranged to replace Is by !M] as the latter is computed, and only four additional num

ber registers are needed. The programs for transformations (4) and (5) have similar prop

erties. 

This studyis being carried out by R. K. Nesbetof the MIT Solid Stale andMolecular 

Theory Group, 

2 2 0 PROBLEM ARISING FROM AN ALGEBRA 

As a sample problem to help in his study of WWI, D. W. Davies of the National 

Physical Laboratory, Teddington, England, selected the study of the algebra whose basic 

elements consist of two associated patterns which can be combined as follows. 

Consider the pattern (a) representing one way of joining in pairs all of six spots. 

For six spots there are 15 such patterns. Taking two patterns, (a) and (b), if they are 

superimposed on one set of spots a numberof loops are formed. This number will becalled 

J?(a,b), and 1 < $ < 3. 

In general the re can be 2N spots and (2N-l){2N-3) . . .(3)(1) ways of joining them in

to patterns. For any two patterns a, b, 1 < J? (a, b) < N. 

Suppose we take two fixed pattern.; a, b and a variable pattern x. The numbers $ (a, x) 

and % (b, x) can be used as coordinates to establish the pattern x in a cell of an N x N ma-
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t r ix . Writing in each cell the number of e lements with these coord ina tes , we have a d i s t r i 

bution of all possible e lements according to the i r values $ (a, x) ^ (b, x). 

It t u rns out that the numbers in the m a t r i x depend only on ,?(a, b) and not on the choice 

of a and b . F o r this reason, the ma t r i ce s a r e s y m m e t r i c , and the re a r e N of them for the 

pat terns of deg ree N, corresponding to Jp {a, b) = 1,2, . . . N. 

The work involved in computing these m a t r i c e s by hand becomes large af te r N = 3. 

Cases N = 4, 5 a re done quickly on Whirlwind, but the six m a t r i c e s for N = 6 took 45 min 

utes to compute . Case N = 7 was therefore not a t tempted. 

The computed m a t r i c e s showed a pat tern of z e r o s , which could be e x p r e s s e d by the 

two inequal i t ies 
jP(a.x) + jf(b,x) < N +J?(a,b) 

jP(a.x) - f ( b , x ) < N - J ? ( a ,b ) 

A proof of these relat ions (which are really identical) was obtained. 

By examining the m a t r i c e s carefully, a relation between them was d i scovered . This 

relation enabled the mat r ix of o rde r N for ^ ( a , b ) • D to generate the ma t r ix of o r d e r N + 1 

for ^ (a, b) = n + 1, A proof of this relation was obtained. 

With this relat ion, all the ma t r i ce s of o rder N + 1 can be obtained except the one 

y ( a , b) = 1. The work of calculating the m a t r i c e s would have been grea t ly reduced if it had 

been known. 

The s y m m e t r y of the m a t r i c e s Jf (a, b) = I and thei r invariance to thechoice of a and 

b can eas i ly be shown. This , however, does not prove the invariance for the other m a t r i c e s , 

and no proof has been found for i t . 

2 2 1 COURSE 6. 25, 1954 

Fifty-nine students enrol led in course 6 .25 , entitled Machine-Aided Analys i s , which 

was given in th ree sect ions during first s e m e s t e r , 1954, by P r o f e s s o r s W. K. L-invill, 

R. C. Booton, and C. W. Adams. Machines which aid in the solution of ma themat i ca l equa

tions encountered in engineering were studied. TAC, the t h r e e - a d d r e s s s u m m e r sess ion 

computer , was used by the students as an exe rc i se in d ig i ta l -computer p r o g r a m m i n g . A 

detailed descr ip t ion of TAC may be found in Summary Report No. 39. 

The following problem was solved: 

"Cons ider the Van dcr Pol Equation: 

y +f (y - i) y + y = 0, where 

WO) • a 

y(0) = b 

iH 
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For this equation assumed values o f f . a, and b a r e chosen so that V 
' m a x 

< 10, V < 10, andy < 10. Solve the equation using i n t e r v a l s , h = 0 . 1. 
' m a x ' m a x n * 

P r i n t out the values of y for integer values of t and c a r r y out the solut ion 

until the value of y has passed its second posit ive peak. Scale factor the 

solution so that all of TAC's B digits are used. Use the rec tangular ru le of 

in tegrat ion. " 

Each student p repared his own Flexowri ter tape and was p r e s e n t at the running of his p rob

lem. This problem took approximately 3 minutes of W WI computer t ime to so lve . 

2 2 2 HELICOPTER ROTOR STABILITY 

The equations of motion of a flexible hel icopter blade with constant g e o m e t r i c and 

m a s s p rope r t i e s in forward flight were developed. This analys is cons idered two degrees 

of freedom of the blade: one, rigid flapping, the other , e las t ic bending. P r e v i o u s analy

ses made of stiff blades have shown that the t rans ient solution d e c r e a s e s in s tab i l i ty with 

increas ing forward speed to tip speed ra t io . The forced solution has always been a s sumed 

to be a F o u r i e r s e r i e s expansion in \j/, the azimuth position of the b lade . 

A pre l iminary p r o g r a m , conducted a s a M a s t e r ' s t he s i s , has shown that inclusion 

of the bending degree of f reedom resu l t s in a prediction of d e c r e a s e in t r ans i en t stabil i ty 

which is in much c lose r agreement with exper imenta l r e su l t s than was obtained e a r l i e r . 

The proposed p r o g r a m consis ted of two p a r t s : 

1. To supplement the r e su l t s a l ready obtained in the p r e l im ina ry p r o g r a m by deck 

ca lcu la to r s ; 

2. To in tegra te the equations of motion di rect ly , thus to gain an insight in to the be

havior of the forced as well as the t rans ient solution. The equations of motion a r e given by 

a pair of second-o rde r o rd ina ry differential equat ions. 

In pa r t 1 the prob lem was to expand an 8 x 8 de te rminan t whose e l ements a r e poly

nomials in a , the exponential factor of the t rans ien t solution. The expansion r e s u l t s in a 

16th degree polynomial in o , whose most posit ive root de t e rmines the degree of stabili ty 

of the solution. This was done for var ious se t s of the p a r a m e t e r s of the p r o b l e m . 

The numer ica l method makes use of the po lynomia l - t rans format ion t h e o r e m and the 

Routh-Hurwitz c r i t e r ion for positive real roo t s . (Ref. D r a p e r , McKay, and L e e s - Ins t ru -

ment Engineer ing, McGraw-Hil l , 1953, Chap. 21.) 

The resu l t s of the f irs t par t checked with the hand resu l t s , and addit ional resu l t s 

served to throw more light on the behavior, s tab i l i ty-wise , of ro to rs with high m o m e n t s of 

iner t ia at high speeds . 

P a r t 2 of this p r o g r a m consis ted of a numer ica l in tegra t ion , using the f o u r t h - o r d e r 

Runge-Kutta method, of the two s imul taneous , ord inary l inea r differential equa t ions ( se-
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cond-o rde r ) with per iodic coeff ic ients . 

The second par t , whose purpose was to provide visual r e su l t s of the flapping motion 

of he l icopter r o t o r s with different i n e r t i a p rope r t i e s a t va r ious speeds, will be comple ted 

during the next q u a r t e r . Twenty-five c a s e s will be run. 

Conclusions that may be drawn from this p rogram a r e : (1) Higher ha rmon ics should 

be included in the a s s u m e d solution; and (2) Whirlwind can be used to advantage in solution 

of p rob lems of this na tu re . 

This study is being c a r r i e d out by Y. Shulman of the MIT Aeronautical Engineer ing 

Depa r tmen t . 

2 2 5 NEUTRON-DEUTERON SCATTERING 

The prob lem cons i s t s of the calcula t ion of S wave phase shifts for neu t ron -deu te ron 

s ca t t e r i ng by means of a var ia t ional p r inc ip l e . Stat ionary express ions a r e obtained for the 

quar t e t (J = 3/2) and doublet (J • 1/2) phase shifts, which fully de termine the low-energy 

sca t t e r ing . These e x p r e s s i o n s involve only known functions and a so-ca l led " ins ide wave 

function" y, which is the difference between the actual wave function and its asymptot ic b e 

hav ior . Any t r i a l function for y which goes to ze ro when e i ther neutron i s far away will 

au tomat ica l ly satisfy the boundary condit ions of the problem. The advantage of this f o r m 

u l a t i o n is that it enables us to take account of polar izat ion, i r*. the deformation of the 

deuteron while all th ree pa r t i c l e s a r e in te rac t ing . 

If we make an expansion of our s ta t ionary express ion in powers on the energy, the 

f irs t two t e r m s will give the sca t t e r ing lengths and effective r anges , in complete analogy to 

the two-body sca t t e r ing . Resu l t s of i n t e r e s t will be the dependence of the sca t te r ing lengths 

and r anges on the exchange na ture of the forces and their compar ison with exper imen ta l 

va lues . 

The Gauss ian well is used for the two-body potentials , and tensor fo rces a re not in 

cluded. The t r i a l function used is e ssen t i a l ly Gaussian in the in te rpar t i c le d i s t ances , with 

th ree va r ia t iona l p a r a m e t e r s , \ , u, 77 • The numer ica l work cons i s t s of calculat ing a l a r g e 

number of a lgebra ic e x p r e s s i o n s and a few numer ica l in tegrat ions as functions of X , u , and 

77 and looking for a s ta t ionary point of the var ia t ional exp re s s ions . Unfortunately, one c a n 

not tell beforehand whether th is will take the form of a max imum, min imum, or inflection 

point. 

A p r o g r a m to calcula te the qua r t e t sca t te r ing using CS II has been wr i t ten , and the 

checking of its va r ious p a r t s i s a lmos t comple te . The calculation will begin with \ and u 

fixed at the i r "nonpola r iza t ion" values , and the var iat ional express ion will be plotted as a 

function of 77 . X and u will then be v a r i e d in the neighborhood of the optimum value of 77 . 

It a p p e a r s that a single cu rve will take between 5 and 10 minutes of machine t i m e . 

10 
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This study is begin c a r r i e d out by L. Sar to r i of the MIT Physics Depar tment . 

2 2 8 EVALUATION OF DIFFERENCE DIFFUSION EQUATION 

The subject involves the one-dimension diffusion equation in the s imples t form 

* x 2 " ' l 

applied to a region 0 < x < 1 with the following conditions: 

Initial condition: \j/ = 0 

Boundary condition: 0 a t x = 1 
a x 

1. l// • 1 and sin wt " 

2. i J1 m - 1 at x = 0 
d x 

3. f.QJ± . 1 
d x _. 

Explici t and implici t r e c u r r e n c e formulas of the c o a r s e - g r i d difference approximation a r e 

u sed to der ive the t r ans i en t solution to this equation at the above condit ions. 

The genera l r e c u r r e n c e formula can be represented as 

* i , k + i + re t * J + l | k . i - **Jg k+ ] • * J _ i , M) '+j.k* Ki - »X* j+li k -«•,. k • * , . ! , k) . 

By compar ing the exact solutions of the continuous equation and the difference app rox ima

tion, a method is der ived to optimize the conformation of the approximate t r ans ien t solution 

to the t rue solution. The problem is to evaluate the m e r i t s of such a method over the 

conventional method. A rat ional way to compare these methods is to c a r r y out comple te 

solutions by digital computer for a per iod of time and to compare them with the continuous 

solution over the same per iod of t ime . 

With the exception of the interpolat ion p r o c e s s , the explici t case of boundary con

dit ions 1 and 2, above, a r e completed. The explicit case ot boundary condition 3 has been 

s t a r t e d . It is expected that the computat ion for the explicit case will be completed during 

the next q u a r t e r . 

This project is being c a r r i e d out by A. T. Ling under the supervis ion of P r o f e s s o r 

S. H. Crandall of the MIT Mechanical Engineering Depar tment . 

2 2 9 ROTATING CONTACT SEAL 

This problem seeks to evaluate the rubbing contact t empera ture in var ious des igns 

I I 
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of a rotating contact seal for a gas turbine. The heat input at any part of the boundary in 

question is expressed as a linear function of the temperature at all other parts of the bound

ary, leading to a set of simultaneous algebraic equations. 

Two routines were written, and each ran successfully. Each routine generated 18 

matrices of order 15 x 15 and solved corresponding sets of simultaneous equations by Crout' s 

method. 

This problem is being carried out by J. M. Bonneville of the MIT Mechanical En

gineering Department, and the results will be included in his Sc. D. thesis. 

2 3 0 BRIDGE ANALYSIS 

Saul Namyet of the MIT Civil and Sanitary Engineering Department is analyzing the 

dynamic response of a large number of bridges which vary in span and type. The bridges 

are represented by a one-mass system. This system is acted upon by a combination of 

time-variant external forces and a resistance function which is considered tovary with dis

placement in a predetermined manner. It is required to obtain the magnitude of a parameter 

(which determines the magnitude and time duration of the external forces) for which a pre

scribed displacement is achieved. The complete problem will consist of the analysis of the 

whole set of bridges for four different resistance functions. 

The solution of the problem consists of the solution of the following differential equa

tion: 

mx (t ) = P - R , v n' n n 

x(t ) = the acceleration at time (t ) v n ' v n' 

P = load at time (t ) 
n v n' 

R = spring resistance at time (t ). 

The equation is solved by use of the second difference equation: 

<A<>2 'M<n)=x( t n + 1)-2x(tn)+x(tn_1). 

The program has been checked by comparing a limited number of response calcula

tions with hand solutions and graphical computations. Since the results have shown satis

factory agreement, the response is now being calculated for the complete set of bridges 

utilizing the first resistance function. 

42 
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2 3 1 REACTOR RUNAWAY PREVENTION 

In this problem, M. Troost of the MIT Chemical Engineering Department has been 

attempting to determine the safest reactor type and size for MIT's proposed nuclear reactor . 

The analysis involves a step-by-step algebraic calculation w,jth an iterative correct

ing routine. Many interesting results have already been obtained. 

2 3 2 ENERGY LEVELS IN A SPHEROIDAL POTENTIAL 

An investigation of the structure of heavy nuclei based on the Bohr-Mottelson model 

is being carried out by Kurt Gottfried of the MIT Laboratory for Nuclear Science. 

The first step in this program is the determination of energy levels and eigenfunctions 

associated with the motion of particles in a force field whose equipotentials are ellipsoids 

of revolution. Most of the required matrices, whose ranks range from four to fourteen, 

have now been diagonalized using F. J. Corbato's routine developed under Problem 172, 

1. Dan. Mat. Fys. Medd. 27, No. 16 (1953). 

2. Gottfried, K. and Weisskopf, V. F. , Quarterly Progress Report Laboratory for Nuclear 
Science, November 1954. 
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3. OPERATION OF WHIRLWIND I 

3.1 Summary 

Grea te r emphas i s is now being placed on rel iabi l i ty and maintenance in o r d e r to 

provide the best possible pe r fo rmance . 

Reliabil i ty of the WWI computer sys tem was slightly higher this qua r t e r than in 

previous q u a r t e r s . Applications t ime as repor ted by computer ope ra to r s was 95% usable 

as compared with an average of 93% since September 1953. An account of the ass ignment 

of computer t ime to the var ious major ac t iv i t ies is given in F ig . 3 - 1 . 

Activity 

Marginal Checking 

Installation 

Maintenance 

Terminal Equipment 
Testing 

Technician Instruction 

Scientific and Engineering 
Computation 

Other Applications 

Total Hour* 

Hours Per Week 

October November December 

1-7 

4 

7 

25 

34 

4 

4 5 

27 

146 

8-14 

4 

0 

9 

36 

4 

37 

34 

124 

15-21 

5 

7 

18 

19 

4 

4 1 

59 

153 

22-28 

5 

7 

11 

21 

b 

33 

56 

150 

29-4 

5 

7 

19 

11 

4 

33 

59 

149 

5-11 

6 

0 

11 

21 

0 

33 

64 

135 

12-18 

7 

7 

19 

17 

3 

24 

73 

tH 

19-25 

8 

0 

18 

U 

0 

28 

74 

141 

26-2 

6 

7 

24 

20 

4 

30 

56 

147 

3-9 

7 

0 

2 1 

31 

3 

30 

56 

148 

10-16 

6 

7 

30 

15 

4 

29 

64 

155 

17-23 

8 

0 

13 

22 

0 

42 

55 

140 

24-30 

4 

0 

10 

11 

4 

2 1 

4 1 

91 

Total 
Hours 

7 5 

49 

2 3 9 

2 8 2 

40 

4 2 b 

718 

1829 

Fig. 3 - 1 . Allocation of Computer T ime 

3.2 Computer and Terminal Equipment 

During the past 6 months s tudies have been undertaken not only to improve sys tem 

per formance but a l so to t r a in new personnel and to compensa te for the recent t r a n s f e r of 

exper ienced engineers to other a r e a s . Specific phases of the presen t p rogram a r e d e s 

cr ibed below: 

1. A biweekly analys is of all equipment fai lures was initiated to point out the types 

of in te r rupt ions that occur mos t frequently and those that resu l t in g r e a t e s t loss of t i m e . 
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P e r i o d i c d i scuss ions of these r e c o r d s and of unique sys t em-eng inee r ing p r o b l e m s have 

helped to develop the s ing le - sys t em concept and make all personnel aware of the re la t ion

ships of the var ious independent efforts to s y s t e m pe r fo rmance a s a whole. 

2. As in the past , design weaknesses that show up a re being c o r r e c t e d where 

p r a c t i c a b l e . Such weaknesses have a l ready been e l iminated in the c o r e - m e m o r y sense 

a m p l i f i e r s , in some of the buffer-drum c i r c u i t s , in the marg ina l -check ing con t ro l , and in 

the equipment-cool ing sys tem. 

3. New computer test p r o g r a m s have been wr i t t en to facil i tate routine marginal 

checking of some of the newly ins ta l led t e rmina l equipment . However, power d is t r ibut ion 

for m a r g i n a l checking mus t still be evaluated along with the test p r o g r a m s , and both may 

r equ i r e changes in order to obtain sa t i s fac tory checking p r o c e d u r e s . 

4. An extended training course in c o m p u t e r - s y s t e m detai ls is being conducted for 

new eng inee r s and technicians for about 3 hours each week, Exper ience has shown that a 

thorough unders tanding of sys tem logic is e s sen t i a l in o r d e r to locate trouble effectively. 

The c o u r s e is supplemented by actual p rac t i ce in locating s imulated compute r fa i lu res . 

Ove r -a l l sys tem rel iabi l i ty improved accord ing to the daily e s t ima te s of computer 

o p e r a t o r s . Their r eco rds show that 95% of the ass igned applicat ions t ime was usable , 

c o m p a r e d with the 93% average since September 1953. 

The biweekly inter rupt ing-fai lure ana lyses ini t ia ted about 25 Sep tember provide 

p r e l i m i n a r y ave rages to supplement the f igures above: 

1. Since 25 September , the ave rage t ime between in ter rupt ing fa i lures has been 

about 9 .5 hours . (All sys tem fa i lures except those a t t r ibutable to new ins ta l la t ions or 

modif icat ions a re included whether or not appl icat ions t ime was l o s t . ) 

2. During the 3-month per iod, the single ca tegory of fa i lures causing m o s t frequent 

s toppages was t rans ien t computer a l a r m s which could not be immedia te ly a s soc ia t ed with 

faulty components or other sys tem damage or de t e r i o r a t i on . These a l a r m s , over half of 

which a r e not yet explained, accounted for 34% of the in te r rupt ing fa i lu res . 

3. During each biweekly per iod a few iso la ted f a i lu res , genera l ly nonrepeat ing , 

caused major loss of t ime . Over the past 3 months , 10% of the in ter rupt ing fa i lu res have 

accounted for about 50% of the total t ime lo s t . 

It s eems reasonable to expect some reduction in lost t ime as main tenance p r o c e 

d u r e s a r e improved and operat ing m a r g i n s a r e widened in the newer sect ions of the sys tem. 

However , a la rge inc rease in the ave rage t ime between fai lures s e e m s doubtful, since 

detect ion and el iminat ion of causes of t r ans i en t e r r o r s a r e difficult. 
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4. CIRCUITS AND COMPONENTS 

4.1 Vacuum Tubes 

4 . 1 . 1 Vacuum-Tube Life 

During the fourth qua r t e r of 1954 the WWI computer operated for 1760 hour s . Dur 

ing 1954 tota l hours of operation were 6900, about 79% of the maximum poss ib le hours in 

the year based on 365 twenty-four-hour days. This o v e r - a l l utility factor i s a lmos t iden t i 

cal to that for the y e a r 1953. 

The tube complement of WWI, including the computer p roper , m a g n e t i c - c o r e m e m 

ory , magne t i c d r u m s , and misce l l aneous input-output equipment, i s now approximate ly 

12,500. 

Vacuum-tube life has been calculated for the six most numerous types in WWI. 

These six types compr i s e about 80% of the total tube complement . A s u m m a r y of th is in 

formation together with previous data is shown below. 

FAILURE RATE, PER CENT PER 1000 HOURS 

Tube Type 

7AD7/SR1407/6145 

7AK7 

6080/6080WA/6AS7G 

5965 

6BL7GT 

F i r s t 
Qua r t e r 

1954 

1.75 

0 . 5 

1. 1 

0 . 4 

0 . 3 

Second 
Quar t e r 

1954 

1.6 

0 . 6 

1. 5 

0 . 3 

0 . 5 

Third 
Q u a r t e r 

1954 

1.4 

0 . 3 

1.4 

0 . 3 

0 . 5 

Fourth 
Quar te r 

1954 

1.3 

0.35 

0. 40 

0. 26 

0. 35 

Quantity 
Now in 

Service 

4237 

3340 

718 

8 7 8 

4 9 4 

ANNUAL AVERAGE FAILURE RATE, PER CENT PER 1000 HOURS 

Tube Type 1952 1953 1954 

7AD7/SR1407/6145 2.0 3 .3 { 5 

7 A K 7 0 .26 0 .43 0.44 
6080/6080WA/6AS7G j L 

5965 

6BL7GT 
0 .32 

0 .41 

The failure r a t e s for the 7AD7/SR1407/6145 and 7AK7 continue to be essen t i a l ly 

constant . The failure r a tes for the 6080/6080WA, 5965, and 6BL7GT, which have been in 
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se rv ice in quantity only about 15 months , continue to be encouragingly low, especial ly the 

l a t t e r two. 

In Figure 4-1 a r e given the vacuum-tube fa i lures for the past q u a r t e r . A word of 

explanation is in o r d e r on severa l of the tube types . The excessively high number of e a r l y -

life fa i lures of the 2D21 thyra t ron is due to imprope r c i rcu i t design. In • relay driving 

appl icat ion, the control and shield grid voltages were excessively negative during conduc

t ion. This resul ted in a high ion cur ren t to these e l e c t r o d e s , causing sputter ing and rapid 

tube de te r io ra t ion . Subsequent to a change in c i r cu i t ry to reduce the magnitude of these 

vo l tages , no difficulty has been exper ienced. 

The 5963 is now the sixth most numerous tube in WWI, its quantity being only slightly 

l e s s than that of the 6BL7GT. The failure ra te for 5963's continues to be quite high, on 

the o r d e r of 4% per 1000 hours . Prac t ica l ly all of the fa i lures have been e lec t r ica l and of 

the na ture of a change in c h a r a c t e r i s t i c s , notably a d e c r e a s e in plate c u r r e n t at z e r o bias . 

A detai led investigation has shown cathode interface impedance to be the cause of th i s low 

plate cu r r en t in a considerable percentage of the f a i lu res . Previous life tes t s conducted 

h e r e had indicated that this problem would develop (see Summary Report No. 33). Dis

cuss ions with the manufacturer indicate that s teps have been taken to e l iminate the p rob lem. 

In Figure 4-2 a re shown vacuum-tube fai lures for the year 1954. 

Fa i lure r a t e s for the y e a r s 1948 through 1954 for the 7AD7/SR1407/6145 and 7AK7 

a r e shown in Figure 4 - 3 . The points plotted a r e for e a c h q u a r t e r of the y e a r s 1952 through 

1954 and the ave rage of the y e a r s 1949 through 1951. The relat ively high failure r a t e s for 

both types during the f i rs t quar te r of 1953 a re a resu l tof an intensive maintenance p rog ram 

undergone by WWI at that t ime. The sharp dec rease in the 7AD7 failure rate in the first 

q u a r t e r of 1952 was due to a qhange in the marginal checking of f l ip-f lops. The failure 

r a t e for the 7AK7 appears to he fairly constant at about 0.4% per 1000 hour s . That of the 

7AD7/SR1407/6145 appears to be tapering off between 1. 0 and 1. 5% per 1000 hours . 

In Figure 4-4 is shown operat ion time at failure for the 7AK7 and 7AD7/SR1407/6145 

for the y e a r s 1949 through 1954 normal ized to the number of fai lures during the f i rs t 1000 

hou r s of opera t ion . In both c a s e s the number of tubes failing during a given 1000-hour 

per iod after about 10,000 hours of operation is only about 10-20% of the quantity failing 

during the f irs t 1000 hours of operat ion. That the curve of the 7AD7/SR1407/6145 is smooth

e r than that of the 7AK7 may be due to the fact that the total fai lures during the f i rs t 1000 

hours of operat ion a r e 249 and 33, respect ively , and a smal l s tat is t ical var ia t ion r e p r e s e n t s 

a much l a rge r percen tage of the f i rs t 1000-hour quantity in the case of the 7AK7. 

4. 1. 2 Vacuum-Tube Resea rch 

The life t e s t of tungsten-nickel A31 Cathaloy Z-2177 ' s has reached 2800 hours with 

one section conducting and the other cut off. There a r e no major changes from the last 
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Fig. 4 -4 . Hours of Operat ion at Fa i lu re 
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. CIRCUITS AND COMPONENTS 

reading, cons iderable interface impedance remaining present on the conducting sections 

and much l e s s on the cutoff sect ions. 

The life test of tungsten-nickel A31 Cathaloy 5687's has reached 4200 hou r s with 

one section conducting and the other cut off. G r i d e m i s s i o n on the cutoff sections continues 

to inc rease ; the grid cu r r en t s on the conducting sect ions remain low. Only the s a m e three 

of the ten conducting sections previously noted (Summary Report No. 39) show any cathode 

interface impedance; there is none on the cutoff sec t ions . 

As a r e su l t o f in terface- impedance difficulties encountered on the 5963 asment ioned 

in Section 4. 1. 1, a life tes t of new tubes was inst i tuted during the past quar te r . At 800 

hou r s the data i s inconclusive. 

The 5965 life test has reached 6200 hours . Plate cu r r en t s a r e holding up well; 

t h e r e i s , however , considerable grid emiss ion on the cutoff sec t ions . 

A vacuum-tube pu l s e - cha rac t e r i s t i c t e s t e r is under construct ion for the tube lab. 

It will replace the existing breadboarded model which is much less ve r sa t i l e . 

4 .2 Component Replacements 

Figure 4-5 l ists the rep lacements of components other than tubes during the fourth 

q u a r t e r of 1954. 
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Component 

Capaci tors 

Crystal 
Diodes 

Fuse 
Holder 

Res is tors 

Switch 

Trans fo rmer 

Tube Socket 

Type 

0.01-uf mica 10% 

0.01-uf fixed 
c e r a m i c disc 

1NJ4A 

1N92 

1N38A 

3AG (Buss) 

6300-ohm 
8-watt t 5% 

9000-ohm 
l / ? - w a t t t 1% 

0. 45-megohm 
l /2 -wat t + 1% 

0. 125-megohm 
1/2-watt + 1% 

2500-ohm 
1/2-watt 

• i% (Nobleloy) 

Sensitive 
(Microswitch) 

5:1 pulse , 
h ipers i l core 

7-pin miniature 

Total in 
Service 

5622 

5740 

17781 

61 

5961 

72 

9 5 0 

9 5 0 

9 5 0 

9 5 0 

9 2 

2 3 8 

No. of 
Fa i lu res 

1 

1 

6 
2 

9 
6 

12 
8 

2 

Hours of 
Operation 

2000 - 3000 

0 - 1000 

0 - 1000 
2000 - 3000 

3000 - 4000 
4000 - 5000 

6000 - 7000 
8000 - 9000 

9000 - 10000 
7000 - 8000 

2000 - 3000 
3000 - 4000 

1000 - 2000 
6000 - 7000 

9000 - 10000 

0 - 1000 

6000 - 7000 
8000 - 9000 
9000 - 10000 

18000 - 19000 

1000 - 2000 
5000 - 6000 
6000 - 7000 

18000 - 19000 

1000 - 2000 
5000 - 6000 
60U0 - 7000 

18000 - 19000 

6000 - 7000 
9000 - 10000 

18000 - 19000 

0 - 1000 

19000 - 20000 

3000 - 4000 

Comments 

Shorted 

Shorted 

Ln» R, 
Low R 

4 low R ; 5 shorted 
Low R " 

11 low R ; 1 shorted 

High Rf 
1 shorted, 1 low R, 

b 

Low Rfa 

Low R, 
D 

High R f 
High Rj 

Intermit tent 

Open 

Out of tolerance 
Out of tolerance 
Out of tolerance 
Out of tolerance 

Out of tolerance 
Out of tolerance 
Out of tolerance 
Out of to lerance 

Out of tolerance 
Out of tolerance 
Out of tolerance 
Out of tolerance 

Out of to lerance 
Out of tolerance 
Out of tolerance 

Switch jammed 

Shorted turns in 
p r i m a r y 

Faulty pin 

Fig . 4 - 5 . WWI Component Fa i lu res October 1 - December 31, 1954 
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5. ACADEMIC PROGRAM 

5.1 Programming Course 

The DCL CS II p r o g r a m m i n g cou r se was given once during this q u a r t e r . The course 

inc ludes the following top ics : re la t ive a d d r e s s e s , t empora ry s to rage , floating a d d r e s s e s , 

p r e s e t p a r a m e t e r s , p r o g r a m m e d a r i t h m e t i c , cycle counters , buffe r s to rage , automatic 

output, post m o r t e m s , and mul t ipass convers ion . The text for the course is a p r o g r a m 

m e r ' s manual wri t ten by staff m e m b e r s of the SfcEC Group. 

The 32 students enro l led during this qua r t e r represen ted the following groups: 

A e r o - E l a s t i c and S t r u c t u r e s Resea rch Labora to ry , Inst rumentat ion Labora to ry , Geophys

ical Analys i s Group, S e r v o m e c h a n i s m s Labora tory , Meteorology Depar tment , Phys ics 

Depa r tmen t , E l e c t r i c a l Engineer ing Depar tment , Chemical Engineer ing Depar tment , Civil 

Engineer ing Depar tment , Mathemat ics Depar tment , the School of Industr ia l Management , 

and Lincoln L a b o r a t o r y . 

5.2 MIT Course 

The pr inc ipa l c o u r s e on machine computation being offered at MIT in the fall of 

1954 was 6 . 2 5 , Machine-Aided Analys is , a survey of computing techniques a imed largely 

at s e n i o r s in E l e c t r i c a l Eng inee r ing . This subject, f i rs t offered in the spring of 1954, had 

a f a l l - t e r m enro l lment of 59 s tudents . It consequently was divided into three 20-man s e c 

t ions taught s epa ra t e ly by P r o f e s s o r s Linvill , Booton, and Adams . P rac t i c e p rob lems 

w e r e planned to allow each student to use both a REAC and the Whirlwind I computer ( s im

ulat ing the hypothetical TAC which had been developed for the 1954 s u m m e r sess ion) . The 

desc r ip t ion of the p rob lem done on TAC will be found in the repor t on P rob lem 221. 

5.3 Visitors 

T o u r s of the WWI instal la t ion include a showing of the film "Making E lec t rons 

Count, " a compute r demons t ra t ion , and an informal d iscuss ion of the major computer 

componen t s . During the pas t qua r t e r eight groups visi ted the compute r ins ta l la t ion. In

cluded in these groups w e r e : 

S7 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



ACADEMIC PROGRAM 

October 1 Industrial Liaison Office Personnel 

November 3 P ro fe s so r Crandal l ' s c l a s s (MIT Mechanical Engineering Depa r t 
ment 

November 30 Emmanuel College Seniors 

December 14 P ro fe s so r D. P . Campbell s c l a s s (MIT Elec t r i ca l Engineer ing 
Department) 

December 15 AIEE-IRE MIT Student Branch 
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6. APPENDIX 

6.1 Publications 

P r o j e c t Whirlwind technical r e p o r t s and memoranda a re routinely d i s t r ibu ted to 

only a r e s t r i c t e d group known to have a pa r t i cu l a r i n t e re s t in the Pro jec t , and to ASTIA 

(Armed S e r v i c e s Technical Information Agency) Document Service Center , Knott Building, 

Dayton, Ohio. Requests for copies of individual r epor t s should be made to ASTIA. 

The following is a l is t of memoranda published by the Scientific and Engineer ing 

Computat ions Group during the past q u a r t e r . 

No. Title Date Author 

SR-39 Summary Repor t No. 39, Thi rd 
Quar te r 1954 

DCL-17 A P r o g r a m for Checking the 10-4-54 A. Siegel 

Contents of Tes t Storage 

DCL-22 Utility Control P r o g r a m 11-22-54 F . C. Helwig 

DCL-23 Memo on S&EC Pe r fo rmance 11-19-54 F . C. Helwig 

Request 

DCL-2^ Director Tapes 11-24-54 F . C. Helwig 

DCL-25 CS II Ins t ruct ion STOP 11-24-54 F . C. Helwig 
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