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FOREWARD

The following pages contain e resume of the substance of & zeries
«i Lectures given by Co Adams in the spring of 1951 as pert of a course
{€-GE) on Practi e in the Use of Digital Computerse Prerequisites feor
the coursze were gxﬁeri@nce with numerical methods and with programming
for the %hirlwind computer. The course wae divided into three roughly
equal partss
(1) lecturos on logical design and specisl ceding technique
applied to computers in generel,
(2) discusuions, problems, end experiments on the logical
design of, on coding for, snd on the use of the
Fhirlwind coumputer, and .
{(3) preparation of & moderate-sized problem by each student
for actual solution on the Whirlwind computero
‘The notes here pertain largely to the first part of the courseo

The information ¢n logical design is generzl and euperficial; it e
intended only se & survey to provide background for the coding work
and to chow the essential similarity of the many different automatic-
- sequenced computers. The materisl given here is based on extensive
notes taken by Miss Phyllis Fox, so that much of the credit for them
is due %o hero ALYl of the notes were edited by Co Adame so that any
srrers in them are solely hie responsibility.



I NUMBER SYSTEMYS AND REPRESENTATICN 1IN COMPUTERS

e Origin of Human_and of Electronic Circuit Preferences

A digital computer 1is a device that p‘erfomé sequences of avithe
netic operations on numberé. . Numbers are descriptive terms that arise m
the process of counting, or of puttﬁzg itens into one-~to-one correspondence
wi‘hﬁ one another. People first learned to count by distinguishing between
one and nany; eveatually they advunced o step further and counted one, a
couple, a loto When the need was felt for the ability to count higher,
people began to enumerate against the moet convenient standord of com~
parison available, and this was usually the digits on the end of their
armns. This resalted in putting things into correspondence with fingers,
and thereby learning to count up as one, two, ’chrée, o » o3 nine, ten
(vhich was two-hands=full). It was natural then to proceed two-hands-
full and one, two-hands-full and two, etec. While there have been civili~
zations which counted in groups other than ten, most of those which amountéd
4o anything counted in a decimal system iargel‘y because of the accident of
having ten fingers. ' '

Vhen one goes to build a machine to be used by human beings, one
wants a machine that works with decimal nuniberso‘ The usual des” caleulators
arc accordingly all designed using the decimal system. While many of the
large scale digital computers are also decimal, it is not always convenient,
vhen numbers are 1o be handled by electronic elrcuits, to use a system which
requires the distinguishing of ten different stable states. On paper, the
pumber of comvenlent distinguishable symbols which can be defined is 1arge H
bub, in vacuum tube work it turns out to be easiest to build rellable cir-
cuits vhich depend on the on-off; or switch, action of vacuum tubss without
attenpting to use diffsrent degrees of "on'.

B. Compariscn of Decimsl with Binary Computers.

As a consequence, some of the large scale decimal machines (such
as the EVIAC) fall back on ten different bi-gtuble circuits to represent
a oingle decimal digit, while others (Mdck 11, .Univac s OSEC, ete.) repre-
sent decimal digits by some selected ten of the sixteen (2 x 2 % 2 x 2=16)
different permatations of four biwstable eleusnts talwen together. In
other words, aesi,g;ners of eiectronie machines have ‘a-most univefsally built
their uachines ..& Ing use of tihe prefeventially binary..uality of electronic
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cireuits sven when the nachine makes use of the decimal syston throughout

to allow for the decinal attitude of people who are to use the :zachines.
lHany of the other computers (Whirlwind, EDVAC, SEAC, IAS, Raytheon,

R0, 8te.) have iade use of pure binary system, in waich counting is by

twos rather than by tens, so that each digit column represents a given

pover of 2, The digits then are simply O and 1.

one = ;1.

two = 10,

three = I S

four = 100,

five = 101,

elght = 1000.
seventeen = 10001.
ninety-~three = 1011101.

When a nachine is to work with numbers in a i:inary 'sys’c.em, some
means must be provided for converting between the decimal system understood
by the hunan users and the binary syste. understood by the machine. The
conversion process is simple in principle but bothersome in execution; it
will be coversd later in these notes., The need for conversion naturally
affects the engineering design of a computer, for one must decide whether
it is harder to build a binary machine with a conversion method or a
machine that works decimally throughout. The decision turms out to depend
1argeiy on how rapidly and in what (uantity the machine must be able to
handle decinal data and decimal results.

A pure binary system is an obvious choice for iachines intended
prinarily for real-time applications such as cafitrol or simulation in which
the nachine communicates direetly with a physical systen, computes while
the physical process is actually occurring, and forus results whieh are
of fléeting or nouentary valuc only; for here the..s are no numerical,
tabuluted data or results and the decinal g sten never enters the picture.
For ::.any so-called matheiatical or scientific or engineering calqulhitions,
the data and results are necessarily decimal but they form a Iuoll percentage
~ of the numbers used in the cosputation, and for other such calculutions,
gruphical resulis ure desired ory ut .y rate,are sufficient. In these
cases, too, the pure binary syste: has obvioﬁs advantages. For sone '



‘Page 3

engineering calenlations, table-making, and business applications, the
decimal system is evident.iy nore desirable. In any eventy; the choice of
the nuaber system used Ls only one of several factors in the design of

o UOsbeRs

Cs Serisl ws. Parallel Representation.

A second factor is the choice of the nmeans of representing the -
several dig;ts which make up each number. Generally, numbers are repre-
gented either as digits appeaf:lng at a given place one after the other in
a time sequence or as digits appearing at several different given points.
all ab the same time, The time-sequence representation is gemerally called
serials the place;sequence representation is called parallel. The choice
here is very nearly dictated by the choice of 'the nethod of storage, as
will be seen later. ) /

There are, however, nany compronises between strietly serial and
_ strietly parallel types of operation., Some computers store seri:ally and
perform srithmetic in a parallel fashion while others store in parallel
and perform arithmetie serially. In some decimal machines, the decimal
digits are stored in serial fashion, but each decimal digit is represented
by four binary digits, and the four binary digits comprising each decimal
digit are stored in parallel, in four separate channels. So the serial-
parallel distinction, though always blithely made, is not always a clear—
cult one. ‘

The manner in which the arithmetic is performed and the manner
in which numbers are stored are closely interwoven with the choices between
binary and decim.l and between serid. and péréllel; It is necessary, then,
to discuss ﬁitﬁdxefic proces.es and storage techniques undsr several
different assumptions as to the means of representing the numbers vhich must
be operated on and remembered by any given machine. . -

-

II ARITHIETIC IN ELECTRONIC COIMPUTERS

A. Binary Serial Addition - Adder.

One of the basic (but not actually indicpensable) abilities that
any practical coaputer can have is the ability to add. Addition of two
digits in the binary system is quite simple because there are so few
coiibhinat ions of Jdigits., The addition table is siiplys
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0+ 0=0
041=1+0=1
l141=10=0+ 1 to carry

Assunming ones to be represented as the presence of voltage pulses
and zeros as the absence of such pulses occurring at synchronized intervals,
the sum of two digits can be formed fairly easily from a few easily-realizable |
logical circuits.

T oR L2 b ek ::: (aerblasd st @ed D) oy (s0)
s "SI AND |2 22 _ = oarry (¢’)
HALF - ADDE P |

In the diagraa, the two digits (each represented by u ulse or no pulse
appearing at a given instant) are shown as a and b, The OR circuit, or
nizer, puts out a pulse if either g or b or both are ones. The AND cir-
cuit, a coincidence or gate circuit, puts out a pulse only if both g and
b are ones(one pulse opens the gate and the other goes through it). The
AND or gate circuit is usually foraed frou an eiectron tube with two control
grids; both of which must be not negutive before the tube wil. conduct.
The sase action can be obtained by judicious comnections of two orystal .
diodes. The AND NOT eircuit is really an AND with a [iQT, or inverter,
circuit on the bottom input. A pulse at the upper input will normally
pass through the gate unless there is a pulse at bottom input; in vhich
case the gute 1s closed. The circuit diagramzed above satisfies all the |
conditions required by the binary addition table given earlier.

In any except the rightmost digit column, however, an addition
to be complete ust allow not only for summing the two digits but also for
the possibility of a carry from the previous digit colum. It appears then
that the cireuit above performs only half the required task (hence the nane,
half-adder.) By putting two half-adders together, with an OR eircuit
thrown in, a vwhole adder can be obtained. -

e AL AL L T A BOAS DY,

4 —-——p HALF- > HALF- = Sum

b ADDER _..,.\}\/_..ADDER -

P R ——-—»a-aarrg

(Eﬂn;r fram preopows cofuss ).
BINARY ADDER
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B. Bin arallel Addition

Although it is much iore commonly used in a ‘serial machine, the -
above adder can aotually be used in serial or parallel mechines, Alter-
natively, binary numbers can be asdded in a parallel fashion by adding one
number (appearing as pulses or no pulses on a set of parallel lines, one
" line for each digit colum) to a second number stored in a set of flip-
flop circuits, as is shown the (&) half of the attached drawing (B-34437).
A circuit which thus accumlates sums is usually called an accumlator.

1. Flip-flops

a. Circuit. A flip-flop, or trigger cirouit, or multivibrator,
is a circuilt containing a pair of electron tubes so connected that
only one can be conducting at a given time. 7The two states are
arbitrarily designated as 0 and 1. The basic (Edcles-Jordan) idea
of the flip-flop is shown below. - o

q N 3

(LA ICAN A 40" A e AT ah o o L & S T A i ALt A g A A e &g

Vhen the left tube conducts, point x becomes more negative which
drives the grid of the right tube negative and cuts the right tube
off; if the right tube conducts, the action is reversed. Wuhem the
comion cathodes are driven positive, both tubes momentarily conduct
but then the crosa-coupling condensers cut off the previously con-
ducting tube. As shown, there are three inputs, one to insert bod:!ly
a zero, one to insert a one, and one to trigger the f£lip-flop (i.e.,
to switch the flip-flop from whatever state it is in to the other
state). And as indicated, the flip-flop has two outputs vhich are
normally used to control gate tubes.

b. AC and DC Coupling — Restoration. The points X and y are
nomally both at rather high positive potentials, even though ane is
at a lower pptential than the other. Yhen gate tubes are comnected
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to these sulpuls, the gabtss must be capable of operating with their
grids at the flip-flop plate potential, or else the gates mst be
coupled to the flip-{lop through condensers. When condensers are
uged, the f‘l:i.pmflop is called AC-coﬁpled. AC~coupling requires that
Mg flipe--Llop be flipped and flopped oftensr then some ninimum rate
in order to maintain the proper charge on the coupling condensers.
This minimm rate is guaranteed in the Whirlwind Computer by periodi~-
eally (every 16 milcroseconds) stopping everything 'and, complementing
every f£lip-flop in the computer twice - the procéss being known as
restoraticn. HNeed for such restorabion can be avoided by using
DC=goupled f1lip~flops, in which the plates of the flip-flops are
usvally operated ab ;round and the cathodes and gfids at. a large
negatlve potential (ego-150v)o

co Logieal vs, Eleetronic Schematics. It should be pointed out
that the Jtogical, or blosk, diagrams which are shown and discussed
here de not show all the electronie details - for instances arrov—
hesds dmply that elreuits are so constructed that pulses travel
enly din the direetion of the arrows (erystal diodes are used when
nege33aryy; delay blocks are used when and only when logieal delay
18 nacessary, whethes or not actusl electronic delay is or is not

needady whe.,

i

2. At en

i tha diagran of parallel addition,; for instance, a pulse,
if sy, coming in fron the bottom in any one of the digit colums
dogs wwo thingss (1)} it attempts o pass through the gate tube; amd
{2) afber a short ‘iga,?“ay it triggers the corresponding ﬂip-_flopo
I e Tlip-Tiop origzinally contained a zero, the gate is closed and
the mly sffect of the adding pulse is to chenge the flip-flop to a
g (0 4 1w L zad 0050 earry). I the flip-flop origina'ly contained
& wnny, the rabte 18 oxen ond the julse gels through the gate to become
8 caziy, T sm flip-flop 18 triggered back to a zero and the carry
flip-Tlop 19 ek o 2 one (d.e. the carry is stored) so that the
verult 12 1 + L= 0 md 1 o carry. o

A & Yves eas® of the serial half~adder, however, the addition
aroeeis shom lu B=34437a does only holf the job, for t:e carries
renols b 1o -{i“,:’iﬁéi‘},"b with. There are two nethods of treating these
corTiss wish ace disonssed under the naaes of "iow-speed carry®

and “highesnred caryy.®

/
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3, Low and High Speed Carry

The low speed carry method is shown in Figure B-34437b, The
lower flip~flops store the partial sums of an addition of two mumbers,
and the upper flip-flops store the carries. The addition of the carries
is performed in several stages by a series of pulses on the carry line.
A pulse on the carry line is gated through by any carry flip—flop A
containing a one to add the carry into the next column. Coneeivably
nevw carries may arise from this addition, so that the carry line must
be pulsed again, and so on until no carries reuasin. For a mumber with
n digit places, the process may become yuite lengthy, requiring as
many as n carries and it becomes desirable to devise a method
for treating all the carries at one time. v

The high-spead carry performs all the carrias in one step.

The logical difference between this and the sequential operat.ion of
the low-speed carry is shown by the figure below which shows the
addition of two binary numbers.

x =311011010 x=11011010
y=10110110 y=210110110
7 fim 1w 1k Carries 14,1 ;~-1  Carries
01101100 Partial sum 01101100 Partial sum_
II§ 1 1 Carries 11001000 0 Result
101001000  Partial sum
1 1 Carries
111 00 00  Partial
IW 110010000 Result
Sequential . Similteneous
Lov_sp“d; Addition , High-speed }Addition

Because the original addition of two digits cannot produce both
a partial-sum one and one to carry, & carry arising at any stage nay
be passed along by special gate tubes to the left until it reaches the
first position containing a 0. the 1's over which it travels all being
triggered to 0. An electronic arrangeuent for performing the process
is shown in Figure B 34438. A single pulse on the carry flip-flops,
after the partial sun (and earries) have been formed, suffices to give
a final result, although enough time st be allowed for the pulse
to travel tarough at most p high—speed-carry gate tubes.

It is possible to entirely eliningte the carry flip-flops by
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using a gate tube in the following way. The two input grids are
controlled by the partial sum ir the flip-flop end by the value of the
addend (presumably stored i another flip-flop). Only when both grids
are positive will the upper gate be opemn, permitting a pulse on the
carry line to get through the tube. In the addition process; the
partial sum is first formed.

< Carrg e ' carr
(to aext steye) 6T ¢

(apes
[ ]
1 FF
‘ (aw%e»l) ,
-l 27 |e adsd

3 7 (commanct)
FF - ‘
_(a,dolem() )

This has no effect on the carry line as such. Then the carry line
is pulsed and a pulse is transmitted omly if both A is positive
(0+0=0 or 1+1=0) and B is positive (addend = 1), i. e.
only for the case 1 + 1= 0 and 1 to carry.

Co Binary Subtaction end liegabive Numbers

Several methods may be used to enable a computer to subtract.
For instence, an entirely separate subtracting circuit nay be constructed,
or extra components i:ay be inserted into the existing addition circuit to
enable it to subbract. The resultant added hardware will in general be
both undesirable and unnecessary. Subtraction of a number y from a number
X may also be performed by adding to x the negative of y. For this, some
means of handling negative numbers so that they add like positive numbers
must be devised.

1. Tens Complement

Consider, for example, numbers in the range -1>x>l. Suppose
the negative numbers are made positive by adding 2 to each of them.
Then the ~lzx>l range is represented by nwibers in the range 02 X »2.
The wuantity +; is represented in binary form as 0.1000, while the
quantity -3 is represented by 2-% = 3/2 = 1,1000. Numbers can be
added together exactly as in the addition circuits discussed above,
except thabs

. 1) vhen two negative numbers are added, 2 must be subtracted
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fron the sum. (i.e. (2=x) +@Ry)=(2~2) +2 )

2) vhen a positive and a negative number are added to éive
& positive sum, 2 must be subtracted from the sum.
(leee x + (22y) = 2+ 2)

This subtraction of 2 is automatic vhen the addition is carried ocut
in a normal way if any carry off the left~hand end is simply dis-
regarded. .

In using the above complement scheme, there exists the
possibility of confusion between a complement and a real positive
number greater than cne. Obviously, this possibility of results
overflowing the allowed ~1 to 1 range (i.e. of positive numbers
greater than one and of negative numbers less then minus one)
mist be considered. This problem can be handled by:

1) not assuming responsibility for the operation of the
conputer vhen the prograi gives rise to an overflow, or by
2) building in eircuits viich detect the occurrence of an
overflow. This latter can be done fairly easily, for
the addition of two positive numbers mst not give rise
to a one in the left-most digit nor two negative numbers
to a zam'(addition of a positive and a negative number
cannot possibly cause an overflow).

In the complenent convention desoribed above, the left-
nost digit is automatically indicative of the algebraic sign of
the number (i.e. zero for plus, one for minus). The convention as
described is called the tens, or twos, or radix, coupleuent because
the éomple :ent of x 1s obtalned by subtracting x from the base or
radix (two) of the number systen being used. To obtain the comple-
ment of x, liowing x itself, one siuply replaces zeros by ohes and
ones by zeros, and then adds a one to the right most digit cohmm,
perforning carries vhere necessary. Thus, for axample,

. 2 = 10,00000 = 1.11111 + 00001
20/32 = 010100 = Q.10100 .
2-0/32 = 1,01100 = 1,01011 + .0000L
i.e. Tens comple:ent = 1-*0 and 0-*l, + 1 added to right-
most digit
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In the decimal system, the tems complement of x can be takem
to be ten-x; sc that one forms the complemént by subtracting each digit
from 9 (rather than from 1 as was the case in the binary system) end
by then adding 1 to the rightmost digit. Thus '

10 = 10.00000 = 9.99999 + .00001
20/32 = 0.62500 = 0,62500

~ 10-20/32 = 9.37500 = 9.37499 + .0000L

. Thus in the decimal system, complementary digits are O and
9, 1 and 8, 2 and 7, 3 and 6, 4 and 5, Hotice that if the numbers
are restricted, as before, to the range -l” x 1, the leftuost digit
can be only O, for plus, or 9, for ninus. Therefore, the leftmost,
or sign, digit could just as well be a binary digit in the event the
allowable range were -1 to 1l. k '

The tens complement system is simple, convenient, and

natural. It is familiar to most mathematicians (and high school stu-
dents) the form of co-logs (or complementary logarithms) used to -
eliminate the need for subtracting when sumaing columns of mixed
positive and negative logarithms. It is also familiar as the form
vhich negative numbers take om a desk caleculator. It should be
noted that restriction of the range to =1 = x 71 and subtracting from
two or ten was simply an example. In practice, any range can be used
and conplenents can be formed by subtracting from 2° or 10® for any
value of n for vhich 2° or 10® is outside the allowable range.

2. llines Complement,

In large-scale iiachines it is convenient to be able tc form
the coplement of a uumber easily. The First step of forming the tens
complenmeat is easy, but the addition of the one at the righthand end
causes troubles in that the complement must therefors be formed
in a counting register to allow for possible curries. It is natural,
then, to consider working with the complement on nines, or ones,
or radix—jnus-ones. In this s:{rstam, the coupieaent is formed by
subtracting from 2532“", where 2° is chosen @8 small as or snaller than
the rightmnost digit and P a8 large as or lurger than the leftmost
digit of tl.e numbers in the allowable range. With six~binury-digit
numbers in the =l» x »1 range, for inst:mce,
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2° - 29 = 1111

20/32 = 0.10100
2°.379 = 20/32 = 1.01011

As with the tens complement system, addition is straight
forward, but now the cases of adding two negatives, or of adding a
positive and a negative to get a positive, result in numbers from '
vhich 2°-2®, rather than simply 2°, mist be subtracted. The sub-
traction of 2 1s again accomplished automatically by neglecting to
carry beyond the leftmost digit. mrthermore,\ﬂslare neglected carry
pulse can be used to add the 2" (by pumping the carry fxom the left
end into the right end) thersby accomplishing the complete subtraction
and yielding the correct result, The process is kfiown as end-around-
carry. Thus, A

17/32 = 0.10001 «13/32 = 1.10010
~11/32 =1.10100 ‘ ~12/32 = 1.10011
(Yo.00101 6 ' (1..00201

6/32 = 0,00110 ~25/32 = 1,00110

NINES COMPLEMENTs END-AROUND-CARRY

As in the tens complement system, the range uust be d fined
and overflows disallowed. Note that here the range is -~17 x>l rather
than -1 2 x >1, because (2=2") = 1 == 1-2" so that both -l and +1 - 2
have the same; representation and camnot both be ineluded in the
allowable range. The loss of one possible number actually goes to
compensate for the fact that O has a second, or negative, representation
in the nines complement system, namely 2~2" = 0 = 22" (€oge 1.11111).
The inability to represent =1 and the ambiguity of O are the two major
drawbacks of the nines—complenent system. Actually, with an additive
arithnetic unit such as has been desoribed, only -0 and never +0 can
arise, while if the arithmetic unit is subtractive (this has not been
discussed here) only +0 and never -0 can arise. lowsver, with an
arithnetic gontrol such as is used in Vhirlwind, it is possible to
generate +0 as the result of imltiplicatiop, divisions, etc., and this
ambiguity 1s occasionally troublesome as will be seen later.
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3. Circuits for Couplementing and Subtracting

In the nines complement system, a number in a flip-flop
register mnay be made negative by complementing each flip-flop.

FF FF FF

complmen? L f '_j

A 4

The negative of a number can be read from a reéister without changing -
the register contents, by sending pulses through gate tubes on the
gero-side of the flip-flop.

Sw@b¥ract

oy
L ol

2z

P

The saz.e circuitry works for the tens coiuplenent systen,
except that a one .mst be added to the register after it has been
complenented, and a one :mst be added to the accunmilating register
after it has been subtracted into.

D. Deci Representation in Bi-S e C itg.

‘There are several general nethods for representing decimal digits
using bi=stable circuits. They may be represented in binary-coded form
by four binary digits with some coding involving the assignment of one
decimal digit value to each of some chosen ten of the sixteen possible
permutations of four binary digits. They @y be represemnted by a decede
ring vhich has ten numbered bi-stable circuits, some one of which iz in
an abnormal state while the others are in a normal state, the one vhich
is gbnormal indicating the value of the digit. Decimal digits may also be
forned from a binary digit in conjunction with five bi-stable circuits of
vhich some four are in a norma. state—the bi~quinary system—and in’
nyriad other less comnon ways.

Anong the binary-coded representations there are a number of
choiceg, some of which are described below.
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a) Straight Binary Representation

0 = 0000 5 = 0101
1 = 0001 6 = 0110
2 = 0010 7 = 0111
3 = 0011 8 = 1000
4 = 0100 9 = 1001

b) Excess 3's code. The code is as followss

0 0011 5 1000
1 0100 6 1001
2 0101 7 1010
3 0L 8 1011
4 0111 9 1100

This system has the advantages that the complement of a
number on a decinzal basis is obtained by changing 1's to 0's and
conversely, and that straight binary addition gives rise to a
carry at the proper time. Of course the fact that the decimal
range 0 = 9 is translated ‘into binary 3 ~ 12 coaplicates the
unit to the extent that a sum (formed binary-wise) is in error
by either +3 or +13 and mst be corrected. That is, if x + y=&,
with? < 10, (x + 3) + (y + 3)= (2+3) + 3 and subtraction of
the 3 is required, while for a sum&.>9, causing a carry, '

(x +3) + (¥ +3) = l2+3) - 1g + 13, 80 thut 13 mst be sub-
tracted. This correction process is actually no harder than
correcting the swi after adding in straight binary representation.

¢) Two-star Four, Two, One Code

A third ::ethod of deciiial representation by four flip-flops
is called the 2 421 uethode The terw derives fro. the fact
th.t the last three flip-flops represent the true binary values
velghted 2%, 2+, 2° respectively, while the first flip-flop is

weighted 21 rathexr than 23 o

0 0 000 5 1011
1 0 001 - 6 1 100
2 0010 7 1101
3 0 011 8 1110
4 0 100 9 11
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This amounts to replacing tue range Oy 1y 2, 3, 4, 5, 0, 5.8y
9 by .03 l, 2, 39 4’ ll, 12, 13, 14’ 15, and has the saie general
advantages and coaplicutions as the excess 3 code. ‘

E. Decimal Addition.

Bddition of two numbers within a computer proceeds in one of
gseveral fashions according to the particular method of muber repressntation
in the maching, according to the speed desirsd, and according to the whim
of the designer. _ . |

For a binary-coded machine (e.g. the Hurvird .achines, Univac,
etc.) addition may be done either by a direct adoption of binury additicm
technines, or by uodified counting circuits, or by 1eans of en auxiliary
(e.g. wired—in or stored) addition table. In soc.ie cases, for instance, the
binary numbers representative of the deeii:al digits in each decimal digit
colwm are added as straight binary numbers. Hecessur; carries either arise
naturai.y (if the excess=3 code is used for instance) or are generated in
sole fushion. The sum in each of the digit colwms is then corrected by
adding or subtracting s-iething to it to give the correct binary-coded
result of the deciusl sume In a binufy—codaci .achine using a sequence of
n pulses to transnit the decinal digit m, a binary counter modified to comt
through only the ten chosen combinations can be used. In the third method,
an ‘addition table is used,i.e. a circuit is designed with two ten-alterna~
tive inputs and two outputs, one with ten altern.tives, giving the partial
sum of the two input digits, and ons with two alternatives, giving the O
or 1 to carry. For the decade ring counters, (as used in the ENIAC, for
instunce) numbers are usually transaitted as sequences of pulses which
are added (ecounted) serio.ly into each digit position.of the ring. Sube
traction is accomplished usualiy b; aﬁding complencnts, although in the
counter-type adders, subtraction can be done by counting backvards .(e.g.

a desk calculator).
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11 F Mulﬁiplicabion and Other Processes.

By the definition of the process, multiplication is verformed
by adding the multiplicand to itself the number of times specified by
the maltiplier. As mechanized for a desk calculator; this process of
repeated addition is normally modified so that the tens, hundreds,
thousands, and other vowers of ten appearing in the multiplier are dealt
with by shifting the multiplicand one column to the left for each nower
of ten (note that this is exactly the technique taught in the grade schools
wiich permits a student to multiply by a combined avplication of a short
multiplication tabls, simple addition, ahifting, and accumulation of the
final sum oroduct).

For example, given a multiplicand of 21 and a multiplier of 39,
the multiplication is performed in steps; starting by adding the multiplicand,
21; into an accumulator 9 times; because the last digit of the multiplier
13 9, to give 189; the first partial result. The multiplier then is shifted
left (mltiplied by 10) and is added 3 times (eecond digit of the miltiplier)
to the 189 already in the accumulator. In & binary system, this additive
multinlication is relatively easy to mechanize in that the only vnossible
digits in the multiplier are a one, imolying a single addition; or a gero,
1mplying no addition. In binary multiplications an addition is required
on the averagze for only 1/2 of the mltiplier digite. On the other hand,
for decimal multiplications; the renetitive sddition procese recuires
from zero to nine additions for each digit of the mmltiplier and is therefore
quite long. .For this reasom; recourse is froqusntly nade to direct use of
declimal multiplication tables.

1. Decimal Multiplication

The product of 2 decimal digits will give a two-digit number with
a first digit having some value between O through 8, so that a table of
decimal products is more involved than a table of decimal sums; in which
the result has as a first digit either O or 1. The two digits resulting
from a multiplication of two single dizite can be called the left-half and
right-half of the oroduct. %hen the multiplication of a decimal multiplicand
by one digit of a multiplier can be formed by vairing,in a suitable circuit,
the multiplier digit in turn with each digit of the multinlicand, each
pairing determining a left-half and a righ$-half digit of the vroduct. The
resulting strings of left-half and rignt~half digits, when added together,
form the product of the multiplicand by the one digit of the multiplier.
The process must then be reveated once for each digit of the multiplier.
Notice that the left-half digits are really only the carries, stored
tomporarily in a separate register. The process is illustrated in the
attached sketch. In the NIAC, the vrocese is shortened by finding at
one time, in a suitably elaborate set of circuits; the entire left-half
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and the entire right-half of a one-by-ten digit product. The vrocess is
repeated for each mltiplier digit, accunmlating the sums of all the left-
half digits and all the right-bhalf digits. These two are then added to
glve a final answer.

The multiplic~tion~-table method of multiplying may be verformed
in other ways, by making various compromises between speed and equipment.
In one method, & table is formed and stored temporarily by repeated addition
"to glve: 1 x multiplicand, 2 x multiplicand, etc., up through 9 x
maltiplicand. The digits of the multiplier are then used in turn to select
from the temporary table the anvropriate multiples to be added into an
accumulator. In another method, one stores a table only up through, say,
5 x mltiplicand, which requires less time and storage, and completes the
table by using such equivalences as 7 x mltiplicand =(5 x multiplicand) +
(2 x mltiplicand), or by using a complement scheme where 7 x multiplicend =
" (10 = 3) x multiolicend, the factor 10 being only a shift.

2. Binary Multiolication. .

The repeated add-and-shift process of the desk calculators and |
the use of & one-by-ten digit multiplication tadle of the ENIAC reduce to
an ‘identical process when applied to binary mumbers (Adding zero times is
the same as multiplying by O; adding once is the same as multivlying dy 1).
A more elaborate table may, however, be used to speed up binary multiplica-
tion if the binary digits are treated in groups of two, three, four, or
more. ' For example, each threesome of binary digite can be equated to one
base-8 or octal digit (e.g. OL0 111 001 = 271 [vase §]) and an octal
multiplication table miy be used to fimd products, just as a2 decimal table
was used in the methods described above. Such a vrocedure iz quite uncommon
in practice.

Most of the computers which use the binary system perform
multiplication by means of a modest amount of control equipment couvled
to the reguler adding or accumulating circuits. While the details of such
arithmetic control devices differ between serial and parallel machines,
between nines and tens complement representations of negative numbers,
and «ven between one maghine and another of almost identical logical structure,
the principles used are quite similar and are adequately typified by the
cireuitry used in Whirlwindo

The first problem to be dealt with is to make allowance for the
algebraic sign of the multiplier; for the straight add-and-shift algorithm
is predicated on a positive multiplier. One way this can be handled is by
sensing the gign of the mltivlier at the gatses, comnlementing the
maltiolier if it is negative and storing tne sign of the multiplier go that
the vroduct, when formed, can be complemented if necessary. In Whirlwind,
it is standard nractice to carry out all separately-controlled orocesses
(multiplication, division, and the various forms of shifting) entirely on
vositive numbers, and for this reason the sign of the multiplicand, as
well as that of the mltinlier, is sensed, stored; and made nositive at
the beginming of a mltiplication order, before the multiplication process
has commenced. (Actually, the correct sign of the prodnctg rather than
those)of the two operands senarately, is storod in a "sign-control" flip-
flop
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The arithmetic cliement of the Whirlwind computer consists
primarily of three registers: the Agcumilator (AC) which can both add and
shift, the B-Register (BR) which 4s a shifting register that can be
considered to be an extergion to the risht-hand end of the AC, and the
A-Register (AR) in which numbers are stored which are to be added or
subtracted into the AC.

A = Register (AR)
| \

\)L\ i/ \Y/

Accumlator (AC) &->| B-BRegister (BR)

The multiplication procosé is carried out in & mumber of steos, as listed
below, assuming initially the multiplier to be in AC and the multiplicand
in AR:

1. Sense the sigh of the multiplicand; complement the number {if
negatives and if negative,complement the sign-control FF (which
initially contains 0). To do this, the AR sign sense line,
shown below, is pulsed,

AR 516N SENSE | ¢ o P i
T Foof ... | FFi& |}
[Sien ' t ki 1
Con TROL h w
L

A-Reglster Sign Sensing

2. Sense the sign of the multiplier in AC; commlement the number if
negative; and if negative, comolement the sign-control FF. The
eircuitry is identical with that shown for AR. The sign-control
FF is seen to contain a 0 if the oroduct is vositive and a 1 if
the uroduct is negative.

multiplicand sign-control FF mltiplier sign-control FF product

+ 0 + 0 +
. £ 1’ o
- 1 4 1 -

%, Transfer the vositive multiplier from AC to BR.

Lk, If the right-most digit of the multiplier, in digit-column 15 of
BR, is a 1, add the multiplicand, in AR; into AC, The mechanics
of tpis is discussed below.
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Shift the contents of AC and of BR to the right by one digit.

5
The right-most digit in AC moves into the left-most digit column
of BR; the right-most dizit in BR is l@st, being replaced by its
neighbor from the left; a zero is put into the left-most column
of AC. It is seen,then, that the process ¢f shifting the miltd-
- plicand to the left is replaced by the logicslly-equivalent procsss
of shifting the partial result to the right, just as it is in most
desk calculators. .
. 6. Repeat step L,
7. Revpeat step 5.
32, Repeat step 4 for the 15th time.
33. Repeat step 5 for the 15th time,
34, Round off the product (if desired) by adding a contents of the
left-most digit of BR.into the right-hend end of AC,
35. Compelment the product if the sign-control FF contains a 1. This
is done by pulsing the oroduct sign line shown below.
Product si -GTl ‘
FF (ﬂi@"’ 0 - l 2 ore 15
control)
FF! Fe| | e® PR
5 : 7
Product Sign Correction in the Accumlator.
There are several features of the above pnrocess which need further
discussion
' 1. Step 4 and the 14 revetitions of it will actually do nothing about
half the time, since the mulitiplier will on the average contain
half zeros and half ones,
2. In the Vhirlwind accumlator, addition requires a separately-ordered

carry, so that each revetition of step 4, or at least each actual
addition, would seem to require a separate carry operation.
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3. During the process, after an addition and before a shift, the
namber in AC may easily exceed one in maimitude, even though this
is outside the allowable range for Vhirlwind. The vroduct will
neyeyr exceed one, however.

~ The need for performing useless stevs, as mentioned in Item 1
above, can be elininated b; using the following circuit. Instead of a
sequence of alternate add and shift pulses, a sequence of digit-sense -
nulses are supnlied and these become either add or shift pulses as necessary.

mmadt-——u~*1;;-~»

!

Where BRLS holds a 1, T2 is open and the sense nulse orders an addition
and sets BRL5 to O, so that 3T2 will be closed and GT1 will be oven for
thes next sense vulse. Vhen BR1% holds a zero, 3T2 is closed, no addition
takes place, but a shift is ordered instead. Thus a sequence 6f sense
vulses glves a sequence of alternate add and shift pulses,omitting un-
necessary add vulses. A counter is used to count the shifi pulses (not
‘the add nulses) and %o stop the flow of sense nulses after the 15th shift.

‘“‘digitmsonse

The need for a senarate carry pulse after each addition ie -
eliminated in “hirlwind, with a considerable resultant economy in multiplica-
tion time, by combining the carry with the process of siifting ordinarily
required ~fter each addition. This combined shift and cerry orocess can
be understood by considering two of the partial sum flip-flope of AC
together with their associated carry flip-flovs. In the sketch, A ie
the carry flin-flop for B, and C for D, and it is desired to use one

'spulse both to add in any carries and to shift the resultant contents of
the AC one to the right (i.e., what B had,D will have).

[ A Imk  CARRY

The first column in the following table represents the vossible configura-
tions arising from the first step of an addition; the second column the

?
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result of one avwlication of a low-speed, or partial, carry,:end the
final column the result of an ensuing shift order.

Add Fartial Shift
Carry Right

B0 B D=c
00 00 00
01 10- 10
10 C Xy 10

1l 0L \ 0}

It is not difficult to arrange a circuit to deduce the final column from
the first directly, omitting the second stev entirely, so that one nulse
suffices for both partial carry and e¢hift. A partial carry after each
addition is sufficient in this cnse, because (as can be seen in the table)
after its completion no digit location will ever have 1's in both the

sum flip-flop (D) and the associated carry flip-flop (C). Thus the
vossible addition of the multiplier to the partial product during the next
step of the multinlication proceeds without difficulty, resulting at worst
in a one in both C and D. After all 16 shift~and=carry steps have been perforsed,
the oroduct remains vartly in the sum and nartly in the cerry F¥s, and a
com:lete (high-speed) carry is necessary to complete the job.

A circuit is shown below for verforming the combined operations
upon receiving a shift and carry nulse., The arrangement of gate tubes
(8o that a oulse comes out on one 6f four lines denending on the setting of
two FF'g) is sometimes called a "whiffletree".

SHIFT
ARG

CARRY é,- ad

) B ] _; ) .:b";

FF } AF )
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LIF 3. Dividion, Sqmaremrootinég 8% ¢,

By develooing and mechanizing reasonably simple and repetitive
alzorithms, any other arithmetiec processes, such as’ inveraion, division,
znd the taking of roots and of vowers, and many special. nrocedures such
&8 finding values in tables, can be added to the bag of tricls aultometically
verformed by 2 comouter. However, any of these nrocesses, and in facl the
orocess of multiolication and even of addition, can also be tuilt wp out
of simoler abilities and given to the machine in the form of a sequence
of instructions rather than im the form of hardware.

The decision as to which vrocesses should be built-in and which-
mgy be left to be programmed is as much a matter of taste as of engineer-
ing. Built-in operationa are verformed quicker and require less storage
than programmed gverations, but they.regquire extra squipment which in-
creases cost and tends to reduce reliability. The wisest choice would
seem to be based on tuilding-in only those operations which are likely to
be needed in every prcblem and to program all others, snending the time
and money thus saved on increasing the speed ani storaze cavacity of the
computer. A small increase in speed and storage capacity can far surpaxs
in value a large amount of builtain equioment for performing special
prOCesses.

In any event, all preseni-day computers have the built-in ability
to add; subiract, and mulitiply. Maeny have built-in division; some have
built-in square~rooters; a few have built-=1in teble hook=ups for finding
logarithms, exponentisl and/or trigonometric functions., It hardly seems
worthwhile to discuss the mechanization of any of theees processes within
thege rather superficial notes.
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